DETERMINATION OF REAL BOTT MANIFOLDS 



ADMI NAZRA 

Abstract. A real Bott manifold is obtained as the orbit space of the n-torus 
T" by the free action of an elementary abelian 2-group (Z2)"'. This paper 
deals with the classification of 5-dimensional real Bott manifolds and study 
certain type of n-dimensional real Bott manifolds (n > 6). 



Introduction 

A real Bott tower is described as a sequence of RP-'^-bundles of height n which 
is the real restriction to a Bott tower introduced in [T]. The total space of such 
a sequence is called a real Bott manifold. From the viewpoint of group actions, 
an n-dimensional real Bott manifold is the quotient of the n-dimensional torus 
T" = 51 X • • • X 5^ by the product (Z2)" of cychc group of order 2. A Bott 
matrix A of size n is an upper triangular matrix whose diagonal entries are 1 and 
the other entries are either 1 or 0. By the definition, the number of distinct Bott 
matrices of size n is 2 2'" The free action of (Z2)" on T" can be expressed 

by each row of the Bott matrix A whose orbit space M{A) = r"/(Z2)" is the 
real Bott manifold. It is easy to see that M (A) is a compact euclidean space form 
(Ricmannian flat manifold). Then we can apply the Biebcrbach theorem [5] to 
classify real Bott manifolds. Using this theorem, the classification of real Bott 
manifolds up to dimension 4 has been obtained in [3]. 

In [2] we have proved that every n-dimensional real Bott manifold M (A) admits 
an injectivc Scifert fibred structure which has the form M{A) ~ ^(22)= M{B), 
that is there is a fc-torus action on M{A) whose quotient space is an (n — fc)- 
dimcnsional real Bott orbifold M{B)/{'L2Y by some (Z2)'*-action (1 < s < k). 
Moreover we have proved the smooth rigidity that two real Bott manifolds M{Ai) 
i = 1,2 arc diffeomorphic if and only if the corresponding actions ((Z2)''S 
are equivariantly diffeomorphic. When the low dimensional real Bott manifolds with 
(Z2)'*-actions are classified, we can determine the diffcomorphism classes of higher 
dimensional ones by the above rigidity. We have classified real Bott manifolds until 
dimension 4 (sec [4]). 

The main purpose of this paper is to determine: (a) Diffcomorphism classes of 
5-dimensional real Bott manifolds from the classifications of 2, 3, 4-dimcnsional ones 
with (Z2)''-actions (s = 1, 2), (6) Classification of certain type of rt-dimcnsional real 
Bott manifolds M{A). 

We have obtained the following to (a), (Compare Theorem 13. 101 ) 
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Theorem A. There are 54 diffeomorphism classes of 5-dimensional real Bott mani- 
folds. 

Since each n-dimcnsional real Bott manifold has the form M{A) = ^Ci^Y 
M{B), it is shown that the diffeomorphism class of M(A) is determined by the 
equivariant diffeomorphism class of the action ((Z2)*, M{B)) (1 < s < fc) as above. 
We prove that if /s = 1, there are 12-nonequivariant diffeomorphism classes of 4- 
dimensional real Bott manifolds with Z2-actions. Then they create 29-diffeomorphi- 
sm classes of such 5-dimensional real Bott manifolds. When k = 2, there are 

4- nonequivariant diffeomorphism classes of 3-dimensional real Bott manifolds with 
(Z2) ''-actions (s = 1,2). Then from these, there are 19-diffeomorphism classes of the 

5- dimensional real Bott manifolds. When fc = 3, there are 2-nonequivariant diffeo- 
morphism classes of 2-dimensional real Bott manifolds with (Z2)''-actions (s = 1,2). 
Then there are 4-diffeomorphism classes of the 5-dimensional real Bott manifolds. 
When fc = 4, the 1-dimensional real Bott manifold is 5*^ with conjugate action of 
Z2; there exists only one such a 5-dimensional real Bott manifold. Finally if fc ~ 5, 
the 5-dimcnsional real Bott manifold is T^. As a consequence, the total number of 
5-dimensional diffeomorphism classes is 54. The details of the proof is in section [S] 

It is far to determine the number of diffeomorphism classes of n-dimensional 
real Bott manifolds for n > 6. However, we shall solve the special types of higher 
dimensional real Bott manifolds. 

Theorem B. Let T'' be the maximal torus action on an n-dimcnsional real Bott 
manifold (n > 4). If fc > n — 2, then the diffeomorphism classes of such real Bott 
manifolds consists of 6. 

See Corollarv 14.21 for the proof. 

Proposition C. The following hold. 

(i) Let M (A) be a real Bott manifold which fibers over the real Bott man- 
ifold M{B) for which M{B) is either 

T*^-X(z,), T2 or T*^-X(z,)=K(fc>2). 

Here K is a Klein bottle. Then the diffeomorphism classes of such AI{A) is 
3. 

(ii) Let M{A) be a real Bott manifold which fibers over the real Bott man- 
ifold M{B) where 

M{B) = (t > 2), 

then the diffeomorphism classes of such M{A) is [|] + 1. Here [x] is the 
Gauss integer. 

(iii) The diffeomorphism class is unique for the real Bott manifold of the form 

M{A) ^T^ X V"^ for any n > 2 and fc > 1. 

Z2 

We prove these results in Section 4 (see Corollarv 14. 4i Corollarv 14.51 Theorem 
I4.7( Proposition [46l respectively). 

A special kind of Bott matrices is introduced in Section 1. We consider such a 
class of Bott matrices in (|4.67p . 

Theorem D. Let M{A) ~ Xz^ M{B) be an n-dimensional real Bott manifold. 
Suppose that B is either one of the list in (|4.67p . Then M{B) are diffeomorphic 
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each other and the number of diffeomorphism classes of such real Bott manifolds 
M{A) above is (fc + 1)2'^''''^ {k>2,n-k> 3). 

See Theorem 14. 121 for the proof. 

1. Preliminaries 

1.1. Seifert fiber space. Each i-th row of a Bott matrix A defines a Z2-action on 
T" by 

gi{zi, . . . , z„) = (zi, . . . , -Zi, Zi+i, . . . , z„), (i = 1, . . . , n) 

where (i, i)-(diagonal) entry 1 acts as z,; — > —Zi while Zj is either Zj or Zj depending 
on whether (i, j)-entry {i < j) is or 1 respectively. Note that z is the conjugate 
of the complex number z G 5^. It is always trivial; Zj — > Zj whenever j < i. 
Here (zi, . . . , z„) are the standard coordinates of the n-dimensional torus T" whose 
universal covering is the n-dimensional euclidean space R" . The projection p: R" — > 
T" is denoted by 

p{xi, . . . , Xn) = (exp(27ria;i), . . . , ea;p(27rix„)) = (zi, . . . , z„). 

Those (gi, . . . ,gn) constitute the generators of (Z2)". It is easy to see that (22)" 
acts freely on T" such that the orbit space M{A) = r"/(Z2)" is a smooth compact 
manifold. In this way, given a Bott matrix A of size n, wc obtain a free action of 
(Z2)" on T". 

Let n{A) = (gi, . . . ,5„) be the lift of (Z2)" = (51, . . . ,5„) to M". Then wc get 

where Xj is either or —Xj. It is easy to see that 7r(A) acts properly discontinuously 
and freely on M" as euclidcan motions. Note that Tr{A) is a Bieberbach group which 
is a discrete uniform subgroup of the euclidcan group E(n) = M"xiO(ri) (cf.[S]). It 
follows that 

M{A) = r"/(Z2)" = R"/7r(A). 
Now let us recall moves I, II and III [5] to a Bott matrix A of size n under which 
the diffeomorphism class of M{A) does not change. 

I. If the j-th column has all 0-entries except for the (j, j)-entry 1 for some j > 1, 
then interchange the j-th column and the (j — l)-th column. Next, interchange the 
j-th row and the (j — l)-th row. 

This move I is interpreted in terms of the coordinates Zj 's of T" and the generators 
g/s of (Z2)" as follows: 

It is easy to see that the resulting matrix A' under move I is again a Bott matrix 

such that M{A) is diffcomorphic to M{A'). 

We perform move I iteratively to get a Bott matrix A' 



(1.1) 



A' 



h 


c 





B 



B 



( 1 



V 



1 



where Ik is a maximal block of identity matrix of size fc, the entries of the * are 
either 1 or 0, i? is a Bott matrix of size (n — fc) which represents a real Bott manifold 
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M{B) = T" ^1(1^2)^ ^ ■ Since Ik is a maximal block of identity matrix, each A: + j 
(j = 1, . . . , 71 — fc)-th colmiin of A has at least two non zero elements. 



Associated with A', the (Z2)"-action splits into (Z2) x (2 



and T" splits 



into X T"-'=. Hence 
(1.2) M{A) = r"/(Z2)" ^ 



t — A; 



= T'^ X M(B) = 



Note that the above (Z2)'^-action of p.2p is not necessarily effective on M{B) but 
we can reduce it to the effective (Z2)'''-action on M{B) for some s (1 < s < fc). In 
order to do so, we have two more moves. 

II. If there is an m-th row {\ < m < k) whose entries in C are all zero, then 
divide x M{B) by the corresponding Z2-action. For example, suppose M{Ai) = 
r2 X(Z2)2 M{B) with 



/ 1 











\ 





1 


1 














1 


1 














1 


1 


V 











1 / 



By move II, M{Ai) ^ 



M{B). 



III. If the p-th row and £-th row {1 < p < ^ < k) have the common entries in C, 
then compose the Z2-action of p-th row with l-th. row and divide x M{B) by 
this Z2-action. For example, suppose M{A2) 



X(Z2)2 M{B) with 



/ 1 





1 





\ 





1 


1 














1 


1 














1 


1 


V 











1 / 



A2 



By move III, ^1/(^2) = Xz^ AI{B) = M{Ai). 

By an iteration of II, III, the quotient is again diffeomorphic to T'' x M {B) but 
eventually the (Z2)''-action is reduced to the effective (Z2)^-action on T*^ x M{B). 
Therefore A' reduces to 







/ h-s 





\ 


(1.3) 


A" = 







* 






I 





B I 



in which 



M{A') = T^ X M{B) 

(Z2)'= 



X (Z2)^ 



= M{A"). 



Since (Z2) " acts trivially on x M{B) then we have 

M{A") ^T'' X M{B). 

From now on, we write M{A) instead of M{A"). 
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Remark 1.1. Since (Z2)* acts trivially on T 



k — s 



M{A) = X M{B) = T"-" xT" X M{B) 

^ (S^)''-'' xT" X M{B) 

(Z2Y 

= {S^f-' X M{B') 



where M{B') = X(^^^y M{B). That is, for s <k, a real Bott manifold M{A) is 
the product of {S^)''^" and an [n — fc + s)- dimensional real Bott manifold M{B'). 
In particular, if M(A) ~ then it is difjeomorphic to {S^Y^^'^x Klein 

bottle. 

Remark 1.2. From the submatrix * of the group {112)" = (fffc-s+i, • ■ • , Qk) 

acts on x M (B) by 

gi{zi, . . . , Zk^s+l: ■ ■ ■ 1 Zk, [zk+1, ■ ■ ■ , Zn]) 

(1-4) . 

— (Zl, ■ ■ ■ , Zk-s+li ■ • ■ , —Zi, . . . , Zk, [Zk+1, • ■ • , z„\) 

where z = z or z. So there induces an action of {^2)" on M{B) by 
(1-5) gi{[zk+i, . . . , z„]) = [zfc+i, . . . , z„]. 

Moreover in [2] , 

Theorem 1.3 (Structure). Given a real Bott manifold M{A), there exists a max- 
imal -action (k > 1) such that 

M{A) = T'^ X M{B) 

(Z2Y 

is an injective Seifert fiber space over the {n — k)- dimensional real Bott orbifold 
M(B)/(Z2)^• 

(1.6) T'' -> M{A) -> M{B)/{Z2y. 

There is a central extension of the fundamental group 7r(A) of M{A): 

(1.7) l^Z'' ^n{A)^QB^l 
such that 

(i) Z*^' is the maximal central free abelian subgroup 

(ii) The induced group Qb is the semidirect product 7r(_B) x (Z2)* for which 
R"-'=/7r(B) = M{B). 

See [5] for the proof. 

By this theorem, a real Bott manifold M{A) which admits a maximal T'^-action 
(fc > 1) can be created from an (n — fc)-dimensional real Bott manifold M{B) by a 
(Z2)'''-action, and the corresponding Bott matrix A has the form as in (|1.3|) above. 
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1.2. Afflne maps between real Bott manifolds. Next, we can apply the fol- 
lowing theorem to check whether two real Bott manifolds are difFeomorphic. 

Theorem 1.4 (Rigidity). Let M{Ai), M{A2) be n- dimensional real Bott manifolds 
and 1 — > Z''' — > Tr{Ai) — > Qb^ — > 1 &e the associated group extensions (i = 1,2). 
Then the following are equivalent: 

(i) 7r(Ai) is isomorphic to 7r(A2). 

(ii) There exists an isomorphism of Qb^ = 7r(_Bi) x: (^2)^^ onto Qb2 = '^(32) x 
{1j2Y'^ preserving t:{Bi) and ■n{B2). 

(iii) The action ((Z2)*S M(i3i)) is equivariantly diffeomorphic to the action 
((Z2)^^A/(B2)). 

See [2] for the proof. Here Bott matrices Ai and A2 are created from Bi and B2 
respectively. 

Note that two real Bott manifolds M{Ai) and M{A2) are diffeomorphic if and 
only if tt{Ai) is isomorphic to ii{A2) by the Bieberbach theorem [5]. Moreover by 
Theorem 11.31 and II .41 we have. 



Remark 1.5. Let real Bott manifolds M{Ai) = T'^' x^^^y^ M{B,) {i ^ 1,2). // 
M{Ai) and M{A2) are diffeomorphic then the following hold. 

(i) ki = fc2. 

(ii) M{Bi) and M{B2) are diffeomorphic. 

(iii) si ^32- 

Therefore two real Bott manifolds which admit different maximal T'^-action are 
not diffeomorphic. If they have the same maximal T'^-action, then the quotients 
{{'L2Y\ M{Bi)) are compared. If M{Bi) is not diffeomorphic to M{B2) or si ^ 
S2, then M{Ai) and M{A2) are not diffeomorphic. So our task is to distinguish 
the (Z2)*' -action on M{Bi) when it is the case that si = S2 = s and M{Bi) is 
difFeomorphic to M{B2). 

1.3. Type of fixed point set. Note that from (|1.5[) . the action of (Z2)* on M{B) 
is defined by 

a[{zi, . . . , Zn-k)] = [a{zi,...,Zn-k)] = [(5l, . . . ,5„_fe)] 

for a e (Z2)' and i = z or z. Since M{B) = T"-'=/(Z2)"-'', the action (a) lifts to 
a linear (affine) action on r"-'^ naturally: 

a{zi, . . . , Zn-k) = (^1, • ■ ■ , Zn-k)- 

Then the fixed point set is characterized by the equation: 

(Zi, . . . ,Z„_fc) = g{zi,...,Zn-k) 

for some g £ (Z2)"~'^. It is also an affine subspace of T^^^ , So the fixed point sets 
of (Z2)* are affine subspaces in M{B). 

Let B be the Bott matrix as in (|l.ip . By a repetition of move I, B has the form 

/ I2 C23 C!2i \ 

I3 C34 . . . C31 



(1.8) B 



li-i C(^_i)f 

Ii J 
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where ranki3=n-k=rank/2+. . . +rank/£ and /; (i = 2, . . . , ^) is the identity matrix, 
Cjt {j = 2, ...,£— 1, t ^ 3, ...,£) is a. pj X qt matrix (pj=rank/j, (7t=rank/t). 

Note that by the Bieberbach theorem (of. [S]), if / is an isomorphism of tt{Ai) 
onto 7r(A2), then there exists an affine element g = {h, H) eA(n) = R" x GL(n,R) 
such that 



(1.9) 



f{r)^grg-^ (Vr e ^(Ai)). 



Recall that if M{Ai) is diffeomorphic to M{A2) then M(Bi) is dilfeomorphic to 
M{B2). This implies that Bi and B2 have the form as in (|1.8p . 

Using (|1.9[) and according to the form of i? in (|1.8p we obtain that 



(1.10) 



// hi \ 
h2 



5 = 



/ ^1 



V 



0' 

He J 



\ 



where is an Si x 1 (sj=rank It) column matrix (hi is a /c x 1 column matrix), 
Hi eGL(s,,M) {i = 2,...,£), Hi eGL(/s,M) (sec Remark 3.2 [2]). 

Let /: Qbi Qb2 be the induced isomorphism from / fcf. Theorem II. 4p . Now 
the affine equivalence g: M"^''' E"^*^ has the form 



(1.11) 








Hf 



which is equivariant with respect to /. The pair (/,g) induces an equivariant affine 
diffeomorphism (/,.g): ((Z2)^M(Bl)) -> ((Z2)^ M{B2)). 

Let ranki^i = bi {i = 2, . . . ,£). (Note that 62 + • • • + = n — k.) Since 
M{Bi) = r"^'=/(Z2)"^'', g induces an affine map g of T"-'^. Put 









( Xb,,+l\ 






• • • , ^bt — 










\Xb^,+bJ 








/ = &2 H 1- &C-1- 


Since gp ~ pg, 






(1.12) 




9Cwb2,- 


.,*w;6,) = (*«;;,^,...,*it;^J 


where w^. = 


P(hj 


vH.Xb,) e 


r**'. That is, 5 preserves each T^' 



r^n — A.' 



T''2 X . . . X so does g on 

M{Bi) = {[zi, . . . , Zb^_; Zb^+i, 



? ^&2+&3 I ' 



We say that g preserves the type (&2, ■ . ■ , ^f) of M{Bi). As 5 is /-equivariant, it also 
preserves the type corresponding to the fixed point sets between ((Z2)*, M{Bi)) and 
((Z2)^A'/(B2)). 

Proposition 1.6. T/ie {'L2Y -o,ction on M{B) is distinguished by the number of 
components and types of each positive dimensional fixed point subsets. 
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See [2j for the proof. 



Definition. We say that two Bott matrices A and A' are equivalent (denoted by 
Ar^ A') if M{A) and M{A') are diffeomorphic. 



2. Examples 

We shall give some real Bott manifolds in order to determine diffeomorphism 
classes of 5-dimensional ones. We introduce the following Bott matrices created 

1 1 
from B = \ 1 1 
1 










1 


1 










1 





1 














B 











1 








As^ 




1 








1 









B 













1 





,A2 = 





1 


1 

















B 











1 





1 


,A,^ 





1 


1 












u 


B 



Then we obtain the 5-dimcnsional real Bott manifolds M{Ai) for which the (^2)^- 
action on M (B) is given by the first two rows of Ai {i = 1, 2, 3, 4). We prove that 



1,2,3,4). 

^-actions on M{B) 



there are two distinct diffeomorhism classes among M{A 

a) M{Ai) is diffeomorphic to M{A2). For this, the (Z2 
corresponding to Ai and A2 are given as follows: 

(i) 9l{[z3, ZA, Z5]) = [Z3,Z4, Z5] = [33(^3, Z4, Z5)] 

92{[Z3, Z4, Z5]) = [Z3,Z4,Z5], 
(ii) hi{[z3,Z4,Z5]) = [Z3,Z4,Z5], h2{[z3,Z4,Z5]) = [Z3, Z4, Z5]. 

There is an equivariant diffeomorphism : ((Z2)^,M(B)) {{Z2)^, M{B)) 
defined by (p{[z3, Z4, z^]) = ([1x3,24,25]) such that (pgi = h2ip and ipg2 ~ 
h\tp. Hence the result follows from Theorem 11.41 

b) M{A2) is not diffeomorphic to M{A3). If M{A2) and M{A3) are diffeo- 
morphic. by Theorem 1 1 . 41 there is an equivariant diffeomorphism ip: ((Z2)^, 
M{B)) ((Z2)^M(S)). Let : ^ ^j^j, yiii of ip. According to 
the form of B, the affine element (p has the form 



(2.1) 



if 



02 \ 












as 







1 





04 y 




^0 





1 



for some G R (i = 2,3,4) (see (fTTTI) '). Since M{B) = T^/{Z2f, (p 
induces an affine map of . By the formula of (|2.1[) . it preserves each 
of ~ y. X S^, so docs ip on M{B). Since tp is equivariant, 
it also preserves the type (1, 1, 1) of the fixed point sets of ((Z2)^, M(i3)). 
That is, if [23,24,25] is a fixed point set of ((Z2)^, M(_B)), then ip pre- 
serves each coordinate Zi [i = 3,4,5) (i.e., p[z3, Z4, zc,] = [ea;p(27ria2)23, 
ea;p(27ria3)24, ea:p(27ria4)25]). 

The fixed point sets of ((Z2)^, Af (B)) corresponding to A2 and A3 are 
as follows: 
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(i) 3 components = {[z^, 1, 25], [1, Z4, 25], [i, Z4, Z5]}, 

4 components 5^ = {[23, i, 1], [i, 1, Z5], [23, i, i], [1, 1, Z5]}, 
4 points {[i, i, 1], [i, i, i, [1, i, 1], [1, i, i]}, 

(ii) 3 components {[23, Z4, i], [1, Z4, Z5], [23, 24, 1]}, 

4 components = {[1, Z4, 1], [i, 1, Z5], [1, Z4, i], [i, i, 25]}, 

and 4 points {[i, i, 1], [i, i, i, [i, 1, 1], [i, 1, i]}. 
We see that the number of components of fixed point sets of ((Z2)^, M{B)) 
corresponding to A2 and A3 is the same. Since the type of fixed point set is 
preserved, (p maps = {[23,1,25]}, 23,2.5 £ ((i) in A2) onto the fixed 
point set = {[1^3, ea:p(27ria3), 105]} {w^jWr:, G S^) of A^. However there 
is no type of such fixed point set in (ii) of A3. Therefore by Proposition 
11.61 M{A2) and M{A3) are not diffeomorphic. 
c) M{A3) is diffeomorphic to M{A4). In this case, the (Z2)^-actions on M{B) 
corresponding to ^3 and A4 are given as follows: 

(i) 5i([23,^4, ^5]) = [^3,2:4,25], g2{[z^, Z4^, z^]) = [23,24,25], 

(ii) /li([23,24,25]) = [23,24,25], /l2([2;3, 24,^5]) = [^3,24,^;5]- 

We change the generator /ii by h'^: 

/ll([23,24,25]) = /ll/l2[23,24,25] = [23,24,25]. 

Define an equivariant diffeomorphism ip: {{Z2Y, M{B)) ((^2)^, M{B)) 
to be (^([23,24,25]) = ([23,24,25]) such that ipgi = /i2<p and Lpg2 = h'^Lp. 
Hence M{Az) is diffeomorphic to M{Ai) by Theorem 11.41 



3. FiVE-DlMENSIONAL REAL BOTT MANIFOLDS 

Before giving the classification of 5-dimensional real Bott manifolds, we recall 
the classification of 2. 3, 4-dimensional ones as stated in [3], [4]. 

Theorem 3.1. The diffeomorphism classes of 2- dimensional real Bott manifolds 
consist of two. The corresponding Bott matrices are as follows. 

f ^ \ A / 1 1 

^1 = n h ^2 



1 y ' ^ V 1 

Theorem 3.2. The diffeomorphism classes of i- dimensional real Bott manifolds 
consist of four. The corresponding Bott matrices are classified into four equivalence 
classes as follows: 

a) 
b) 
c) 

d) /3 

Theorem 3.3. The diffeomorphism classes of 4- dimensional real Bott manifolds 
consist of twelve. The corresponding Bott matrices are classified into twelve equiv- 
alence classes as follows: 
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iii) 



iv) 



v) 



vi) 



/ 1 


I 


n 


yj 


\ 


( 



u 


± 


1 

± 


1 

± 












1 


















1 


/ 




/ 1 
/ ^ 


1 





1 

L 


\ 


/ 


n 






I 












1 









k 








1 


/ 


v 


/ 1 
/ ^ 


I 


n 


n 


\ 




n 

u 


1 

± 


1 
± 



u 












1 


1 






k 








1 


/ 


v 


/ 1 


I 




I 


\ 


/ 





1 

± 


1 

± 















1 


1 






k 








1 


J 


v 


/ 1 


1 

L 


1 

L 





\ 


/ 


n 


1 

± 


















1 


1 






k 








1 


/ 


v 


/ 1 


1 

L 


1 


1 
± 


\ 




n 

u 


1 

L 


n 

u 


1 

L 












1 









^ 








1 


J 

/ 




/ 1 




I 


X 


\ 









n 

U 


n 

yJ 












1 









k 








1 


J 




/ 1 
/ ^ 


n 





1 


\ 


/ 


n 






n 












1 


















1 


J 


v 


/ 1 
/ ^ 


n 


I 


n 


\ 




n 

u 


1 
± 


1 

± 


1 
± 












1 









V 








1 


) 


V 


/ 1 











\ 


/ 





1 


1 


1 












1 









V 








1 


) 


V 


/ 1 


1 


1 





\ 







1 


















1 









V 








1 


) 





111 

1 1 

1 



1 1 1 

1 1 

1 



1 1 1 

1 1 

1 



111 

1 1 

1 



111 

1 

1 



1 1 1 

1 

1 





1\ 

1 



1 / 
M 

1 



1 / 
M 



1 
1 

l\ 



1 
1 

1 
1 

1 / 

1\ 



1 

1 / 



1\ 

1 



1 / 
M 




1 / 

1\ 




1 / 



/I 




V 

/I 




V 

/I 




V 

/I 




V 



/I 




V 

/ 1 




V 

/I 




V 



1 

111 

1 1 

1 y 

1 1 \ 

1 1 1 

1 1 

1/ 

1 1 1\ 

1 1 

1 1 

1/ 
10 1^ 

1 1 
1 
1/ 



1 \ 

1 1 
1 

1/ 
10 0^ 

1 
1 1 
1/ 
11^ 

111 

1 
1/ 



/I 1 1 1\ 

111 

11 

\ 1 / 

/ 1 1 1 \ 

111 

11 

\ 1 / 

/ 1 1 1 \ 

10 1 

10 

V 1 / 

/I 1 1 1\ 

110 
10 
\ 1 / 



/ 1 1 1 \ 

10 1 

10 

\ 1 / 

/ 1 1 1 \ 

10 

11 

V 1 / 

/ 1 1 1 \ 

10 

10 

\ 1 / 
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ix) 



x) 



xi) 






V 

/I 





V 
/I 




V 
/ 1 




V 
/ 1 




V 
/I 




V 
/ 1 




V 
/ 1 




V° 

xii) I4. 





1 1 
1 


1 

1 1 

1 



1 
1 
1 




1 1 

1 



1 

1 1 

1 





1 
1 




1 
1 



1 
1 
1 






1 

1 / 



1 

1 / 
M 

1 



1 / 

1\ 



1 

1 / 

1 
1 

1 / 



1 

1 / 

1\ 



1 

1 / 

o\ 




1 / 



/ 1 




V 

/I 




V 

/I 




V 

/ 1 




V 




V 

/I 




V 

/ 1 




V 

/ 1 




V 





1 1 

1 



1 

1 1 

1 



1 1 
1 1 

1 





1 1 

1 



1 

1 1 

1 





1 
1 




1 
1 


1 

1 
1 




1 
1 

1 / 

1\ 

1 
1 

1 J 
M 




1 

M 

1 
1 
1 

M 



1 

1 / 

1 



1 / 

1\ 

1 



1 / 




1 / 



/I 




V 

/ 1 




V 



1 \ 

1 
1 1 

1/ 
10 0^ 

1 1 
1 
1/ 



/ 1 1 1 \ 

10 

11 

\ 1 / 

/ 1 1 \ 

110 

10 

V 1 / 



1 





1 









( 1 





1 


1\ 





1 





1 









1 





1 








1 


1 












1 


1 











1 


) 




V 








1 / 





1 








] 




/ 1 


1 





1\ 





1 





1 









1 





1 








1 


1 




J 








1 


1 











1 


) 




V 








1 / 


1 











] 




( 1 








1\ 





1 





1 









1 














1 


1 




1 








1 














1 


) 












1 / 


1 








1 


] 

















1 





1 









1 


1 











1 


1 












1 














1 


) 




V 








1 / 


1 





1 





] 













1 


1 





















1 
























1 


J 











Using the classification results of Theorem 13. 1[ 13.21 13.31 we shall classify 5- 
dimensional real Bott manifolds. 



3.1. 5^-actions with 4-dimensional quotients. 

The Bott matrices of M{A) admitting S^-actions have the following form 





1 


ai3 ai4 ai5 





B 



where 013, 014, 015 e {0, 1}. In this case M{B) corresponds to the Bott matrices B 
in Theorem l3.31 Taking the first Bott matrix from i) as B, we consider the following 
Bott matrices. 
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/ 1 


1 








\ 




/ 1 


1 





1 


\ 




/ 1 


1 





1 


1 \ 





1 


1 













1 


1 













1 


1 














1 


1 


1 










1 


1 


1 










1 


1 


1 











1 
















1 
















1 





V 











1 J 




\0 











1 J 




I 











1 / 



Then the fixed point sets of the Z2-actions on M{B) corresponding to Ai, A2 
and A3 respectively are as follows: (1) T"^, T^, 4 points, (2) 2 components T^, 
4 components 5'^, (3) T^, 4 components 5^, 4 points. (1), (2) and (3) have the 
different fixed point sets each other so each Ai [i = 1,2,3) is not equivalent by 
Proposition 11.61 

The following Bott matrices are created from the first Bott matrix in ii). 



/ 1 


1 


1 





\ 




/ 1 


1 








\ 




( 1 


1 


1 


1 


\ 





1 


1 





1 







1 


1 





1 







1 


1 





1 








1 


1 


1 










1 


1 


1 










1 


1 


1 











1 
















1 
















1 





I 











1 ) 




I 











1 ) 




I 











1 ) 



The fixed point sets of the Z2-actions on M{B) corresponding to A4, A5 and Aq 
are obtained as: (1) 3 components T^, 4 points, (2) T^, 4 components S^, (3) 
8 components S^. In view of the fixed points, similarly Ai {i ~ 4,5,6) are not 
equivalent to each other. 

The following Bott matrices arc created from the first Bott matrix in iii). 



/ 1 


1 








^ 






( 1 


1 





1 


\ 





1 


1 















1 


1 














1 


1 







As^ 








1 


1 














1 


1 















1 


1 


V 











1 J 






I 











1 / 


/ 1 


1 








1 \ 






/ 1 


1 





1 


1 \ 





1 


1 















1 


1 














1 


1 







Aw = 








1 


1 














1 


1 















1 


1 


V 











1 J 






V 











1 / 



The fixed point sets of the Z2-actions on M{B) corresponding to A7, A^, Ag and 
AiQ are as follows: 

(1) r3, r2, 51, 2 points, 

(2) 2 components = {[1, Z3, 1, Z5], [i, i, Z4, 2:5]}, 3 components 

S'^ = {[i, 1,1, ^5], [1,2^3,1, 1], [1,2:3,1,1]}, 2 points={[i, l,i,i]}, 

(3) 2 components = {[1, Z3, Z4, 1], [1, Z3, Z4, i]}, 3 components 

= {[i, i, i, Z5],[i, 1,-Z4,1], [i, l,Z4,i]}, 2 points={[i, i, 1, 1], [i, i, 1, i]}, 

(4) T^, 5 components S*^, 2 points. 

Note that the fixed point sets of (2) and (3) coincide, but the type of them are 
different. (Compare b) in Section [2] for the type (1,1,1,1).) Hence and are 
not equivalent. As the fixed point sets (1), (4) and (2) (or (3)) are all different, 
each Ai {i = 7, 8, 9, 10) is not equivalent. 

The following Bott matrices are created from the first Bott matrix in iv). 
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/ 1 






1 


1 





1 







1 


1 





1 








1 


1 





Al2 = 








1 


1 














1 


1 













1 


1 


V 











1 ) 




I 











1 / 


/ 1 


1 








1 \ 




/ 1 


1 





1 


1 \ 





1 


1 





1 







1 


1 





1 








1 


1 





Al4 = 








1 


1 














1 


1 













1 


1 


V 











1 ) 




I 











1 / 



113 



The fixed point sets of the Z2-actions on M{B) corresponding to An, A12, A13 and 
are as follows: (1) T^, 3 components S"^ , 2 points, (2) T^, 5 components S^, 
2 points, (3) 3 components T^, S-^, 2 points, (4) 2 components T^, 3 components 
S^, 2 points. By Proposition II. 61 Ai [i = 11, 12, 13, 14) are not equivalent to each 
other. 

The Bott matrices Ai [i = 15, 16, 17, 18) below are created from the first Bott 
matrix in v) while Aig is created from the second Bott matrix in v). 





( 1 


1 








\ 







1 


1 


1 





Ai5 = 








1 



















1 


1 




V 











1 / 




/ 1 


1 








1 \ 







1 


1 


1 





Ai7 = 








1 



















1 


1 




I 











1 / 




/ 1 


1 


1 





\ 







1 


1 


1 





Ai9 = 








1 





1 













1 


1 




I 











1 / 



A18 = 



/ 1 


1 





1 


\ 





1 


1 


1 











1 

















1 


1 


V 











1 / 


/ 1 


1 





1 


1 \ 





1 


1 


1 











1 

















1 


1 


V 











1 / 



The fixed point sets of the Z2-actions on M{B) corresponding to A15, Aig, An, 
Ai% and A19 are as follows: (1) T^, 2 components 5*^, 4 points, (2) 3 components 
T^, 2 components S"^, (3) 2 components T^, 2 components , 4 point, (4) T^, 6 
components S"^, (5) 2 components T^, 4 components S*^. By Proposition ll.6[ Ai 
{i = 15, 16, 17, 18, 19) are not equivalent to each other. 

The following Bott matrices are created from the Bott matrix vi) . 



A. 



( 1 


1 








\ 




( 1 


1 


1 





\ 





1 


1 


1 


1 







1 


1 


1 


1 








1 








All = 








1 

















1 
















1 





V 











1 1 




I 











1 / 
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The fixed point sets of the Z2-actions on M{B) corresponding to A20 and A21 are 
as follows: (1) T^, 8 points, (2) 2 components T^, 4 components . By Proposition 
11.61 A20 and ^421 arc not equivalent. 
The Bott matrix 



/ 1 


1 


1 





\ 





1 








1 








1 


1 














1 





Vo 











1 / 



A22 = 



is created from the first Bott matrix in vii). 

The following Bott matrices are created from the first Bott matrix in viii). 



A 



23 



/ 1 


1 


1 





\ 




( 1 


1 


1 


1 


\ 





1 
















1 

















1 


1 


1 


A2i = 








1 


1 


1 











1 
















1 





V 











1 1 




I 











1 / 



The fixed point sets of the Z2-actions on M{B) corresponding to A23 and A24 are 
as follows: (1) 2 components T^, 8 points. (2) 8 components S-^. By Proposition 
11.61 A23 is not equivalent to ^24. 

The following Bott matrices are created from the first Bott matrix in ix). 



/ 1 


1 


1 





\ 




( 1 


1 


1 





1 \ 





1 
















1 

















1 


1 





A26 = 








1 


1 














1 


1 













1 


1 


I 











1 J 




I 











1 / 



125 



The fixed point sets of the Z2-actions on M{B) corresponding to A25 and A26 are 
as follows: (1) 2 components T^, 2 components S^, 4 points, (2) 6 components S^, 
4 points. By Proposition II. 6|. A25 and A26 are not equivalent. 

The Bott matrix A27 (resp. ^23) below is created from the first Bott matrix in 
x) (resp. xi)). 



A^ 



27 



/ 1 


1 


1 





\ 




( 1 


1 


1 


1 


\ 





1 








1 







1 

















1 


1 





A28 = 








1 

















1 


1 













1 


1 


V 











1 J 




1 











1 / 



Finally from /4, we get ^29 = 







1111 



Since each Bott matrix B of i) to xii) is not equivalent to each other, the result- 
ing Bott matrix A is not equivalent. Totally, 29 Bott matrices Ai {i = 1, . . . , 29) 
are not equivalent to each other. When we take the second Bott matrix B' from 
i), the resulting Bott matrix A' gives an action (Z2, M(i?')). We can check that 
(Z2, M(i3')) is equivariantly diffeomorphic to one of the actions (Z2, M(i3)) cor- 
responding to Ai, A2, A3 by the ad hoc argument. (Compare Section [2] for the 
argument to find an equivariant diffeomorphism.) Once there exists such an equi- 
variant diffeomorphism, A' is equivalent to one of Ai, A2, A3 by Theorem 11.41 
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Similarly, if A' is another Bott matrix created from the first Bott matrix in i), we 
can check that the corresponding (Z2, M{B)) is equivariantly diffeomorphic to one 
of the actions (Z2, M(i?)) corresponding to Ai, A-^. (Note that the total num- 
ber of Bott matrices created from the first Bott matrix in i) is 8.) This argument 
works not only the case i) but also the cases from ii) to xii). As a consequence the 
Bott matrix A' created from Bott matrices from ii) to xii) is equivalent to one of 
AiS (i = 4, . . . , 29). In summary, we obtain the following but the proof is omitted 
because of a tedious argument. 

Lemma 3.4. A Bott matrix created from any one of Bott matrices of Theorem \3.3\ 
is equivalent to one of the Bott matrices Ai (i = 1, . . . , 29) above. 

Proposition 3.5. There are 29 diffeomorphism classes of the case -actions with 
A-dimensional quotients. 

3.2. T^-actions with 3-dimensional quotients. 

The Bott matrices of M{A) admitting T^-actions have the following form 



h 


* 





B 



The following Bott matrices are created from the first Bott matrix B of a) in 
Theorem [321 



A30 = 



/ 1 











^ 






/ 1 











^ 





1 


1 















1 


1 





1 








1 


1 





Azi = 










1 


1 














1 


1 















1 


1 


\ 











1 1 






I 











1 / 


/ 1 








1 








/ 1 





1 





1 \ 





1 


1 















1 





1 











1 


1 





^33 = 










1 


1 














1 


1 















1 


1 


V 











1 ) 






I 











1 / 


/ 1 





1 











/ 1 








1 


1 \ 





1 








1 









1 


1 














1 


1 





A35 = 










1 


1 














1 


1 















1 


1 


I 











1 ) 






V 











1 / 



The fixed point sets of the (Z2)*-actions (s = 1, 2) on M{B) corresponding to A30, 
^31, ^32, ^33, A34 and A35 are as follows: (1) T^, S^, 2 points, (2) 3 components 
5^, 2 points, (3) 3 components T^, 4 components 5^, 4 points, (4) T^, 8 components 
S^, 4 points, (5) 3 components T^, 4 components S^, 4 points, (6) 2 components 
T^, 6 components S^, 4 points. Compared (3) with (5), we see from b) in Section[2] 
that A32 is not equivalent to A34 . By Proposition ll.61 Bott matrices Ai {i = 30, 31) 
(resp. Aj [j = 32,33,34,35)) are not equivalent to each other. Moreover, by Re- 
mark lLSl Bott matrices Ai (i = 30, 31) are not equivalent to Aj {j = 32, 33, 34, 35) 
because the (Z2)^-action corresponding to Aj (j = 32, 33, 34, 35) cannot be reduced 
to a Z2-action. 
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The following Bott matrices are created from the Bott matrix b) in Theorem 
/ 1 I 



A 



36 






V 



A 



38 










V 
1 





140 



1 



1 / 
1 \ 





A37 = 






V 



1 



1 / 
1 \ 





A. 



39 



/ 1 











^ 





1 


1 


1 











1 


1 


1 











1 
















1 / 


/ 1 








1 







1 


1 














1 


1 


1 











1 





^ 











1 / 



1 



1 / 



The fixed point sets of the (Z2)*-actions (s = 1, 2) on M{B) corresponding to A^q, 
A37, ^38, A39 and A40 are as follows: (1) T^, 4 points, (2) 4 components 5^, (3) 
2 components T^, 4 components S*^, 8 points, (4) 3 components T^, 4 components 
S^, 4 points, (5) 12 components S^. By Remark [T31 Bott matrices Ai {i = 36,37) 
are not equivalent to Aj {j = 38,39,40) because the (Z2)^-action corresponding 
to Aj {j = 38,39,40) cannot be reduced to a Z2-action. On the other hand, by 
Proposition II. 6| Bott matrices Ai {i = 36,37) (resp. Aj {j = 38,39,40)) are not 
equivalent to each other. 

The Bott matrices Ai {i = 41,42,43,44) below are created from the first Bott 
matrix in c) of Theorem 13.21 while ^45 is created from the second Bott matrix in 
c). 



/ 



A. 



( 



^43 







1 








V 

/ 1 





A45 = 





1 
1 

\ 

1 





1 



1 







1 
1 

o\ 





A44 



/ 1 








1 


\ 





1 


1 














1 

















1 


1 


V 











1 / 


/ 1 











1 \ 





1 


1 


1 











1 

















1 


1 


V 











1 / 



The fixed point sets of the (Z2)^-actions on M{B) corresponding to A42, ^43, ^44 
and A45 are as follows: (1) 3 components T^, 4 components S"^ 4 r 



ciiiu ^45 ciic CIS follows: y±j o L.uiiipuiiciito J- ^ '± K- 

T^, 8 components S^, 4 points, (3) 2 components T' 



, 4 points, (2) 
4 components S^, 8 points. 
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(4) 2 components T^, 6 components S^, 4 points. By Remark 11.51 A^i is not 
equivalent to Ai {i = 42,43,44,45) because the (Z2)^-action corresponding to Ai 
{i = 42, 43, 44, 45) cannot be reduced to a Z2-action. Then by Proposition ll.6[ Bott 
matrices Ai {i = 42,43,44,45) arc not equivalent to each other. 
The following Bott matrices are created from /s. 



















^46 = 





1 


1 


1 


1 











/3 











1 





1 


^48 = 





1 


1 


1 







^0 





h 



Aa7 = 



1 





1 1 




1 


1 







^3 , 



The fixed point sets of the (Z2) '^-actions on M{B) corresponding to A47 and A^^ 
arc as follows: (1) 2 components T^, 4 components 5^, 8 points, (2) 12 components 

. By Remark 11.51 is not equivalent to Ai {i = 47, 48) , and by Proposition 
11.61 A47 is not equivalent to A^^. 

Since each Bott matrix B of a) to d) is not equivalent to each other, the resulting 
Bott matrix A is not equivalent. Totally, 19 Bott matrices Ai [i = 30, . . . ,48) are 
not equivalent to each other. 

When we take the second Bott matrix B' from a) of Theorem 13. 2[ the result- 
ing Bott matrix A' gives an action ((Z2)*, M(i?')) (s = 1,2). We can check that 
{{Zi2y , M{B')) is cquivariantly diffeomorphic to one of the actions ((Z2)'', M(i?)) 
corresponding to Ai {i ~ 30, . . . , 35) by the ad hoc argument. (Compare Section [2] 
for the argument to find an equivariant diffeomorphism.) Once there exists such an 
equivariant diffeomorphism. A' is equivalent to one of A^'s {i = 30, . . . , 35) by The- 
orem [L4l Similarly, if A' is another Bott matrix created from the first Bott matrix 
in a) of Thcorem l3.21 we can check that the corresponding ((Z2)*, M{B)) (s = 1, 2) 
is cquivariantly diffeomorphic to one of the actions ((Z2)'' , M{B)) corresponding to 
Ai {i = 30, . . . , 35). (Note that the total number of Bott matrices created from the 
first Bott matrix in a) is 76.) This argument also works for the case b), c) and d). 
As a consequence the Bott matrix A' created from Bott matrices in b), c) and d) 
is equivalent to one of A^'s {i = 36, . . . , 48). In summary, we obtain the following. 

Lemma 3.6. A Bott matrix created from any one of Bott matrices of Theorem \3.S\ 
is equivalent to one of the Bott matrices Ai [i ~ 30, . . . ,48) above. 

Proposition 3.7. There are 19 diffeomorphism classes of the case T^-actions with 
S- dimensional quotients. 

3.3. T^-actions with 2-dimensional quotients. 

The Bott matrices of M (A) admitting T'^-actions have the following form 



h 


* 





B 
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In this case a Bott matrix B is either Ai or A2 in Theorem l3.1l The Bott matrices 
AiQ and ^50 (resp. A51 and A52) below are created from Ai (resp. A2). 





/ 1 











N 




( 1 











\ 







1 
















1 





1 





A49 = 








1 


1 


1 










1 





1 













1 
















1 







V 











1 / 




V 











1 / 




^ 1 











\ 




f 1 











\ 







1 
















1 





1 













1 


1 





A52 = 








1 





1 













1 


1 













1 


1 




V 











1 / 




V 











1 / 



Since Ai and A2 in Theorem 13 . 1 1 are not equivalent, none of ^49 and A50 is equiv- 
alent to A51 or A52. Then A49 (resp. A51) is not equivalent to A50 (resp. A52), 
because (Z2)^-action on M{B) corresponding to A50 (or A52) cannot be reduced 
to a Z2-aetion. If A' is another Bott matrix created from Ai in Theorem 13. 11 we 
can cheek that the corresponding ((Z2)'', M(Ai)) (s = 1,2) is equivariantly dif- 
feomorphic to one of the actions {{'L2Y i M {Ai)) corresponding to ^49 and A50 by 
the ad hoc argument. Once there exists such an equivariant diffeomorphism, A' is 
equivalent to ^49 or A50 by Theorem 11.41 This argument works also for the case 
A2 in Theorem 13. II As a consequence another Bott matrix A' created from A2 is 
equivalent to A51 or A52. Thus we obtain the following. 

Lemma 3.8. A Bott matrix created from any one of Bott matrices in Theorem \3.1\ 
is equivalent to one of the Bott matrices Ai {i — 49,50,51,52) above. 

Proposition 3.9. There are 4 diffeomorphism classes of the case T^-actions with 
2-dimensional quotients. 

3.4. T'^-actions vifith one-dimensional quotients. 

The Bott matrices of M{A) admitting T'^-actions have the following form 



h 


* 





1 



In this case M{B) = M(l) = S^. It is easy to check by using moves II and III, it 
consists of just one diffeomorphism class, where the corresponding Bott matrix is 





{ h 







^53 = 










{ 








Obviously the corresponding Bott matrix of size 5 of a real Bott manifold ad- 
mitting T^-aetion is the identity matrix of rank 5. Combined with Proposition [331 
13.71 13.91 and the case of T'^-actions above we get the following theorem. 

Theorem 3.10. The diffeomorphism classes of 5-dimensional real Bott manifolds 
consist of 54. 

4. Classification of n-oiMENSiONAL Real Bott Manifolds 

In this section we shall prove some results regarding the classification of certain 
types of n-dimensional real Bott manifolds. 



DETERMINATION OF REAL BOTT MANIFOLDS 



19 



Theorem 4.1. The number of diffeomorphism classes of n- dimensional real Bott 
manifolds {n > 4) which admit the maximal T"~'^-actions {i.e. s = 1,2 ) is 4; 



M{A) = T 



_ rp{n-2) 



X M{B). 



Proof. Since M [B) is a 2-dimensional real Bott manifold, the real Bott manifolds 
M{A) created from M{B) correspond to the following Bott matrices 



(4.1) 



(4.2) 

where Bi 



In-2 


* 





Bi 


In~2 


* 





B2 



I?... By 



1 1 
1 



Let us consider (|4.ip . If the entries in each row of * are the same then by moves 
II or III, (|4.ip is equivalent to 



n-2 



(4.3) 



V 



0\ 

1 1 





1 / 



Otherwise by moves II, III or the equivariant diffeomorphism (p: ((Z2)^, M (Bi)) 



((Z2)2,A/(Bi)) defined by (^[z„_ 



i,z„ 



(4.4) 



V 



n — l-} \ 

\ 

1 
1 



(|4.ip is equivalent to 




1 / 



However (|4.3p is not equivalent to (|4.4[) because the (Z2)^-action on M{Bi) corre- 
sponding to (|4.4[) cannot be reduced to a Z2-action on it. 

Let us consider (|4.2p . If the entries in each row of * are the same then (j4.2p is 
equivalent to 







/ In-2 







(4.5) 






1 


1 






1 


1 






[ 





1 / 


or if the entries 


in the second column of * 


are 


all z( 






/ In-2 





M 


(4.6) 






1 









1 


1 






[ 





1 / 



by moves II or III. However (|4.5p and (14. 6p are equivalent by the equivariant dif- 
feomorphism <p : (Z2,M(B2)) -> (Z2,M(B2)) defined by (/3([2:„_i,2;„]) = [izn-i,Zn]. 
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Otherwise ()4.2p is equivalent to 



(4.7) 



'n-2 



V 



\ 

1 
1 



1 1 

1 / 



by moves II, III or the equivariant diffeomorphism ip: {{'L2Y , M{B2)) — > ((^2)^, 
M{B2)) defined by (p[z„_i,z„] = [z„_i,z„]. Moreover (|4.6[) and (|4.7p are not 
equivalent because the (Z2) ^-action on M{B2) corresponding to ()4.7p cannot be 
reduced to a Z2-action on it. 

Therefore Bott matrices (|4.ip and (|4.2p give 4 distinct diiTeomorphism classes of 
real Bott manifolds A/(yl). □ 



Corollary 4.2. For an?/ n> A, the number of diffeomorphism classes of n- dimensio- 
nal real Bott manifolds which admit the maximal -actions {k — n — 2,n— l,n) 
is 6. 

Proof. It is easy to check that real Bott manifolds AI{Ai) = T"^^ x^^ and 
M{A2) ~ T" have only one diffeomorphism class respectively, because the corre- 



sponding Bott matrices arc Ai 



In-l 


* 




1 















over, Ai reduces to A[ — 








\ 





1 and A2 ~ In respectively. More- 



□ 



1 by move III. 



Corollary 4.3. If M{A) = xz, M{B) where M{B) = x^^ 5\ then for any 
k >\ there is only one diffeomorphism class. 

Proof. Since M{B) = T'^ xza , as shown in the proof of Corollary [421 

h 
... 

The Bott matrices A created from B are 



B 




1 







1 



1 1 



B 



and 



1 







1 



1 



B 



which are equivalent by the equivariant diffeomorphism ip: ['L2, M[B)) 
M{B)) defined by ip{[z2, ■ . . , Zfc+i, Zfe+2]) = • ■ . , iz^+i, 2fc+2]- 



□ 



Corollary 4.4. For any k > 2, there are 3 diffeomorphism classes in (A; + 3)- 
dimensiom 
(s = l,2). 



dimensional real Bott manifolds M{A) = x^a M{B) where M{B) = T'' Xi^^i)" T"^ 



DETERMINATION OF REAL BOTT MANIFOLDS 



21 



Proof. Since M{B) = T'^ X(Z2)= (s ~ I72), there are 2 distinct difFeomorphism 
classes of M{B) which correspond to the foUowing Bott matrices 



/ Ik 



(4.8) 



V 



\ 

1 1 



1 
1 J 



B2 = 



V 



\ 

1 
1 



1 
1 / 



(see dm and (g^)). 

The Bott matrices of size (fc + 3) created from (|4.8p with the Z2-actions are as 
foUows 



Ai = 



1 







1 



1 



A-2 = 



1 







1 



1 



Bo 



The foUowing Bott matrices in (|4.9p (resp. (|4.10[) ) derived from Ai 
(4.9) 
(4.10) 





1 . 


1 













Bi 








1 . 


1 


1 








Bi 





1 . 


1 


1 1 







Bi 






1 . 


1 


1 





Bi 



are equivalent by the cquivariant difFeomorphism 
<f: (Z2,Af(Bi)) ^ (Z2,il/(Bi)) 

(^([22, • ■ • , Zfe+i, Zfe+2, Zfe+3]) = [Z2, . . . 



, l^^fc+l, 2fe+2, Zfc+sJ 



Moreover, Bott matrices in (|4.9p arc not equivalent to (|4.10p because the maximal 
fixed point sets of {I12, M{Bi)) corresponding to the Bott matrices in (|4.9p and 
(|4.10p are and S'^ respectively. 

It is easy to see that each Bott matrix derived from A2 is equivalent to 



(4.11) 



1 



Bo 



by ip: (Z2, A/(i?2)) (^2, M(B2)) which is defined by one of the following 

(p{[z2, ■ ■ ■ ,Zk, Zk+l,Zk+2, Zk+3]) = [Z2, ■ ■ ■ , iZk, Zk+1, Zk+2, Zk+3], 
(p{[z2, ■ ■ ■ , Zk, Zk+1, Zk+2, Zk+3]) ^ [Z2,Z3,. .. , Zk,iZk+l, Zk+2, Zk+s], 
(p([z2, ■ ■ ■ ,Zk, Zk+1, Zk+2, Zk+3]) = [Z2, Z3,. . . , iZk, iZk+l,Zk+2, Zk+3]- 

Obviously, (|4.1ip is not equivalent to the Bott matrices in (|4.9p and (|4.10p because 
they are created from two nonequivalent Bott matrices in (|4.8p . Therefore there 
are 3 equivalence classes of the Bott matrices corresponding to M{A). □ 

Corollary 4.5. For any k > 2, there are 3 diffeomorphism classes in (k + 3)- 
dimensional real Bott manifolds M{A) = x^a M{B) where M{B) = ^(Za)'' 
{K=Klein bottle, s = 1,2). 
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Proof. Since M{B) ~ X(Z2)= = IjS), there are 2 distinct diffeomorphism 

classes of M{B) corresponding to the following Bott matrices (see ()4.6p and (|4.7|) ) 



/4 



(4.12) 



5i = 



V 



\ 

1 



/ 



1 



,B2 = 



1 / 



\ 



\ 

1 
1 



1 

1 / 



The Bott matrices of size (fc + 3) created from (|4.12p with the Z2-actions are as 
follows 



1 







1 



1 



Si 



1 







1 



1 



Bo 



The following Bott matrices in (|4.13p (resp. (|4.14p ) derived from Ai 
(4.13) 





1 . 


1 













Bi 








1 . 


1 










Bi 





1 . 


1 


1 


u 




Bi 






1 . 


1 


1 1 


u 


Bi 



(4.14) 

are equivalent by the equivariant diffeomorphism 
if. (Z2,Af(Bi)) ^ (Z2,M(Bi)) 

ip{[z2, Zfe+i, Zfe+2, Zfe+a]) = [Z2, • ■ • , iZk+l,Zk+2, Zk+s]- 

On the other hand, Bott matrices in (|4.13p are not equivalent to (|4.14p because 
the maximal fixed point sets of {Z2, AI{B)) corresponding to the Bott matrices in 
(|4?T3ll and ([iH]) are and respectively. 

It is easy to see that each Bott matrix derived from A2 is equivalent to 



(4.15) 

by (Z2,M(B2)) 



1 







1 



1 



B2 



(Z2, M(i?2)) which is defined by one of the following 

(p{[z2, ...,Zk, Zk+l,Zk+2, Zk+s]) = [Z2, • ■ • , iZk, Zk+1, Zk+2, Zk+3], 
(p([z2, . . . ,Zk, Zk+1, Zk+2, Zk+3]) ~ [Z2, Z3,. . . , Zk,iZk+l, Zk+2, Zk+s], 
(P{[Z2, ...,Zk, Zk+1, Zk+2, Zk+3]) = [Z2, Z3,..., iZk, iZk+l,Zk+2, Zk+3]- 

Obviously, the Bott matrix (|4.15p is not equivalent to the Bott matrices in (|4.13p 
and (|4.14p because they arc created from two nonequivalent Bott matrices in (|4.12p . 
Therefore there are 3 equivalence classes of the Bott matrices corresponding to 
M{A). □ 



Proposition 4.6. If M{A) = 
only one diffeomorphism class. 



T" , then for any n > 2 and k > 1 there is 



Proof. Since M{A) admits the maximal T^-'-action and A is created from /„ 
there is only one the Bott matrix A, namely 







f h 





(4.16) 


A^ 




1 ... 1 






V u 


In—k 



□ 
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Now if we create Bott matrices from (|4.16p (for k ~ 1) with Z2-actions then we 
will get a classification of the corresponding real Bott manifolds as follows. 

Theorem 4.7. For any k > 2, there are [-I] + 1 diffeomorphism classes in (fc + 2)- 



dimensional real Bott manifolds M{Ai) — M{B) [i ~ 1, . 

M{B) = ■ Here [x\ is the Gauss integer. 

Proof. Since M{B) = Xz^ ^^ 



, 2 ) , where 



(4.17) 



B 







The Bott matrices Ai of size {k + 2) created from (j4.17p with Z2-actions are as 
follows 



(* = 1,...,2'=). 







1 * 


(4.18) 




1 ... 1 




Vo 


h 





1 * 





B 



We apply the different Z2-actions on M{B) such that the Bott matrices Ai are as 
follows 

1 {1}2 {0}3 ... {0}2+fe 



(4.19) 



A. 



Ai 

A2 







B 





{1}2 


{1}3 {0}4 ... 











B 


{0}2+k ^ 






{1}2 


■■■ {l}i+([|]+i) 


{0}2+([|] + l) ■ 


.. {0}2+fc 





B 



It is easy to check that the maximal fixed point sets of {Z2, 1\I{B)) corresponding 
to Ai (i = 1, 2, . . . , [|] + 1) are T*", T''^^, T'^^Iil respectively. Hence they are 
not equivalent to each other. Here {y}i means y in the i-th spot. 
On the other hand, for [|] + 1 < Z < (fc + 1), Bott matrix 

(4.20) 





{1}2 . 


■ {l}l+l {0}2+l ■ 


■ {0}2+k 





B 



is equivalent to one of the Bott matrices in (|4.19|) . To show this, consider the 
gi-action corresponding to (|4.20p : 

(fc+i)-/ 

gi{[z2, Zl+l,Zl+2, . . . , Zfc+2]) = [Z2, . . . , Zi+2, . . . , Zk+2] 

[52(^2, . . . , Zl+l,Zl+2, . . . , Zk+2)] 
= [-Z2, Z3, . . . , Zi+2, . . . , Zk+2]- 

Since [k + 1) — I < fc — [f ] < [f ] + 1, there is an equivariant diffeomorphism 
(f. {Z2, M{B)) {Z2, M{B)) defined by if{[z2,...,zi+i,Zi+2,...,Zk+2]) = [1^2, 
zi+2, . . . , Zk+2, ^3, . . . , zi+i] such that ipgi ~ hiip for some /ii-action corresponding 
to one of the Bott matrices in (|4.19p . 



The other Bott matrices Ai {i ^ 1, 



1) may have the form 



(4.21) 



A' 



1 1 



B 
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where 1 G {0, 1}. If the number of entries 1 for 1 = 1 is less than or equal to [-1] then 
A' is equivalent to one of the Bott matrices in (|4.19p . otherwise A' is equivalent to 
(|4.20p . We shall prove it in the following way. Suppose that the number of entries 
1 for 1 = 1 is i. Applying move I on A' such that the entries 1 for 1 = 1 are placed 
in series, we get a new Bott matrix 





{1}2 {1}3 . 


. {l}2+t {0}3+t . 


• {0}2+fc 





B 



A" 



which is still equivalent to A'. Obviously. A" ~ Ai for some « = 1, 



1 if 



< t < [|], or A" is the same as (|4.20|) \it> [|]. Hence A' is equivalent to one of 
the Bott matrices in (|4.19p . This completes the proof of theorem. □ 

From now on, we use the notation (Z2, M[Bj))i which means that the Z2-action 
on M{Bj) corresponds to a Bott matrix Aij. 



Lemma 4.8. Let M{Aii) = 



1, 



-2) be n- dimensional real 



Bott manifolds creating from an [n — \)- dimensional real Bott manifold M{Bi). 
Such real Bott manifolds M^An) corresponding to An in (|4.22p are not diffeomor- 
phic to each other. 

(4.22) 

1 {1}2 {0}3 ... {0}. 



A 



11 



A. 



{1}3 



{0}. 



{0}n 



i(n-fc-l)l 



{1}2 {Ih 



{1} 



Bi 



l + (K-fc-l) 



{0} 



l + (t^-fc) 



{0}, 



l(ri-2)l 



whe 



(4.23) 



{1}2 {Ih 



Bi = 



Bi 

/111 
1 1 



{l}l + («-2) {0}«) 



4 



1 \ 



k > 2, and n — k > 3. 

Proof. Recall that, if M{Ami) is diffeomorphic to M{Aqi) (i.e.. Ami is equivalent 
to Aqi, m ^ q), by Theorem ll.4[ there is an equivariant diffeomorphism 

{<P,(p): (Z2 =< a >,M{Bi)),n ^ (Z2 =< /3 >, Af(Si)),, such that 
ip{a[z2, . . . , Zn]) = ^{a)ip[z2, . . . , z„] = I3ip[z2, . . . , z„]. 
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Let (p: R""i R""i be the lift of (p. According to the form of Bi, the affine 
element Cp has the form 



(I \ I 



(4.24) 



1 




\ 









1 









D ) 


) 



where D is a nonsingular submatrix of rank fc, *a = (02, . . . , a„_fc) and *b = 
(6„_fc+i,...,6„) (see ([TTT])). Since M{B{) = r"-V(Z2)""\ ^ induces an afhne 
map (p of T"~^. 

Put X = I : I . Since (py = 



(4.25) 

(^(2:2, . . . , Z„_fc, Zn-fc+l, . . . , Z„) = ■ ■ ■ ,i„-kZ„-k,P*{h + DX)) 

= (^22^2, ■ • ■ 1 ^n-kZn-k, Cn-k+lWn-k+l, ■ ■ ■ , CnWn) 

where £p = exp{27riap) (j> = 2, . . . , n — fc), Cs = exp{2Tribs) {s = n — k + 1, . . . , n) , 

{Wn-k+l, ■ ■ • , W„) = p\DX). 

On the other hand, since M{Bi) = r"-7(Z2)""\ the action {a) lifts to an 
action on such that we have the commutative diagram 



(a,r"-i) 



(Z2 



(ff/3,T"-i) 
(/3,A/(Bi)), 



{a,MiBi)U — ^ 
for some g £ (^2)"^^ = (92, • • • , <?«)• This means that 

Pr{ip{a{z2, . . . , 2;„))) = p{Pr{a{z2, z„))) = (<5(a(Pr(22, • ■ • , ^n))) 
= <P{a)ip{Pr{z2, . . . , 2„)) = l3ip{Pr{z2, . . . , z„)) 

= PPr{'p{z2, ■ • ■ , ^n)) = Pr{Pp{z2, Zn)), 

(i.e., 

(4.26) '^(Q!(22, ■ • ■ , Zn)) = gP<p{z2, . . . , Z„).) 

Note that t/^ (i = 2, . . . , 71) corresponds to the i-th row of A,„i and Aqi. This implies 
that maps the fixed point set of (a, r"-i) to that of (g/3, r"^i) diffcomorphically. 
From the commutative diagram, we also have, for g G (Z2)"~^, 

Pr{'p{g{z2, • • . , 2:„))) = ip{Pr{g{z2, z„))) = (p{Pr{z2, z^)) 

= Pr{'p{z2, ■ ■ • ,2:«))- 

Hence there is an element h G (Z2)"^^ such that 

'p{g{z2, Zn)) = h(p{z2, ■■■,Zn) 

(pgip^^ = /i- 



(4.27) 
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Recall from (H?^ . that 



1 





for i = 1, . . . , 71 — 2. 



{1}2 {1}3 ... {l}l+. {0}2+. ... {0}, 



Bi 



To show that Bott matrices An [i = 1, ... ,n — 2) are not equivalent to each 
other, we shall prove the following cases. 

a). Bott matrices An (i = 1, . . . , ?i — fc — 1) are not equivalent to each other. 

Suppose that An is equivalent to Api where 1 <l<p<.n^k~l{l = 
1, . . . ,n — k — 2; p = 2, . . . ,n — k — 1). By the definition, the a-action and /3-action 
on corresponding to An and Api are as follows 

a{z2, . . . , Zn) — {Z2, . . . , 2;/+2, ... 7 ^n) , 

(4-28) , _ _ _ . 

p[Z2, . . . , Zn) — {Z2, . . . , . . ■ ; 2:^+1, 2^+2, . . . , Zn)- 

Then from (|4.26p . we have 



(4.29) 



(^(q;(z2, . . . , Zn)) = gl3(p{z2, . . . , 

(^2^2, . . . , il+lZi+i,£i+2Zl+2, ■ ■ ■ , ^n-kZn-k,Cn-k+lWn-k+l, ■ ■ ■ , CnWn) 



5(^2^2, . . . , ... I (-p+lZp+li ^p+2Zp+2, ■ ■ ■ , £n-kZn-k, 

Cn-k+lWn-k+1, ■ ■ ■ , CnWn) 



for some g G (Z2)" ~ (52, . . . , 5n). Since 

{Cn-k+lWn^k+l, ■ ■ ■ , CnWn) = 5(c„-fc+l W„_fc+1 , . . . , C„W„), 

3 is a composition of an even number of generators {§2, . . . , gn-k}- 
On the other hand, since gt{zt) = —zt {t = 2, . . . ,n ~ k) and 

(4.30) 



{^l+2Zl+2, . . . , in-kZn-k) — g{^l+2Zl+2, ■ ■ ■ , ^p+l^p+l , ^p+22p+2 , . . . , ^n-kZn-k), 

g ^ {gi+2, . . . , gn-k)- So, the last possibility is that g E (52, ... , gi+i)- If tiiis is the 
case, and since g is a composition of an even number of generators {52, . . . i5;+i}: 
it contradicts (|4.30p . 

b). Bott matrices An {i = n — k, . . . ,n — 2) are not equivalent to each other. 

Suppose that A^„_k^^i is equivalent to A^„-k+p)i where n~k<n — k + l< 
n — k+p < n — 2 (/ = 0, . . . , /c — 3; p = 1, . . . , /c — 2). By the definition, the a-action 
and /3-action on T"^^ corresponding to A(^n-k+i)i smd A(^n-k+p)i a-re as follows 



a{z2, . . . , Zn) — {Z2, . . . , Zn-k, Zn-k+1, ■ ■ ■ , Zn-k+l+2, ■ ■ ■ , Zn ) , 

P\Z2, ■ ■ ■ , Zn) — [Z2, . . . , Zn-k, ^n-fc+1, ■ ■ ■ , Zn-k+p+1, ^ri-fc+p+2, . . . , Zn). 



DETERMINATION OF REAL BOTT MANIFOLDS 



27 



Then from (|4.26p . we have 

'f{a{z2, Zn)) = g(3<f{z2, z„), 

(£2^2, . . . , £n-kZn-k, Cn-k+iu'„_k,i, . . . , C„u'j) 

(4.32) 



g{i2Z2, ■ • ■ , (^n~kZn-k,Cn-k+lWn-k+l, • ■ • , Cn-k+p+lWn-k+p+1 , 
Cn-k+p+2Wn-k+p+2, ■ ■ ■ , CnWn) 

for some g £ (22)"^"^ = (,92, ■ • ■ , 5ri), where 

(l4„fe+l, • ■ • , W^i) = p((-a;„-fe+i, . . . , -Xn-k+l+l,Xn~k+l+2, ■■■,Xn) *D). 

Now we consider the foUowing cases for g. 
bl). If g = gtg' with £ {,92, • ■ • , g„-fc-i}, 5' ^ (54+1, • . • , ffn) then 

I -^t+i2t+i if ,9 = gtgt+ig", g" e (54+2, • ■ • 
I^t+i2t+i iig = gtg". 



£t+izt+i = g{£t+izt+i) 



Hence we get a contradiction. That is, such g — gtg' cannot occur. 
b2). If g = gn-kg where g € {gn~k+i, ■■■,gn); then 



£71— kZn — k — g{£n~kZn — k) — £n — kZn — k- 

This imphcs that £n-k = ±i- Therefore 

(p{z2, . . .,z„) ={£2Z2, ■ ■ . ,^„_fe-i2;„-fc-i,±i2;„_fe,p*(b + DX)), 

ip'^{z2, . . . , Z„) =(^2Z2, ■ • . ,£n-k-lZn-k-l,TiZn-k,P*i-D^^h + D^'^X)). 

Now, from (|4?27l) . we consider 

= {-Z2,£lz3, . . . ,£l_k-iz„-k-i, ~Zn^k,exp{ATribn-k+i)zn-k+i, ■ ■ . ,ea;p(47ri6„)2„ 



= g2{z2,£lz3, . . . ,£l_^._^Zn-k-l, -Zn^k, 

exp{4TT{-i)bn-k+i)z„-k+i, • ■ • , ea:p(47r(-i)&„)z„) 

= g2h{z2, . . . , Zn) 

where 



(4 33) /i(^2,-.-,z„) = (z2,£§z3,-.-,^Lfc-i^«-fe-i'"^"-fc' 

ea::p(47r(-i)&„_fc+i)z„_fe+i, . . . , ea;p(47r(-i)6„)z„). 

We shaU check that h (53, . . . ,5„) (i.e., g2h ^ (Z2)"^^). 

Suppose that h G (53, . . . , g„}. Since h{zn-k) = —Zn-k in (|4.33p . we may 
write /i = hgn-kh" , where ft, is a composition of an even number of generators 
{53, . . . , gn-k-i}, h" e {gn-k+i, ■ • ■ , gn)- Howe ver su ch h impUes that h{zn-k+i, ■ • ■ , 
Zn) = (±z„_fc+i, . . . , ±z„). This contradicts (|4.33p . Similarly for h = gn-kh". 
Thus g2h ^ (^2)""^. That is, such g = gn-kg cannot occur. 
b3). If 5 = g satisfies (|432|) . then from (g^l]), 

gP{z2, . . . , z„) = 

(Z2, . . . , Zn-k, iZn-k+1, ■ ■ ■ , ^Zn-k+l+l, ■ ■ ■ , ^Zn-k+p+l, i^n-fc+p+2, • ■ • , i^n)- 

Then we obtain that the fixed point set of (a, y-i) is 

Fix a ^ ({±1)2, ■ • ■ , {±l}n-fe+i + l, Zn-k+l+2, ■ ■ • , Zn) 
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and the fixed point set of {g(3,T"- ^) is 

Fixgf] = ({±1}2, ■ • ■ , {±l}n-k, {*}n-k+l, ■ ■ ■ n) 

witli ★ G {±1, ±i}. Then by (|4?26)) . we have 

dim{Fix a) = dim{Fix g(3) 
k-l-l^k-p~l. 

Hence we get a contradiction. That is, such g — g cannot occur. 

c). Each Ail {i = — fc — 1) is not equivalent to each A(^n-k+j)i (j = 

Q,...,k-2). 

Suppose that An is equivalent to Ai^^-k+j)!- By the definition, the a-action and 
/3-action on T""-'^ corresponding to An and are as follows 

a(z2, . . . , Zn) = {Z2, . . . , ^1+2, • ■ • , ^n-fc, ■ • ■ , ^n), 

("^■^4) Rl ^ _ ^- - - - ^ 

P\Z2, • ■ • , ^nj — \Z2, ■ ■ ■ , Zn-k-, Zn-k+1, • ■ • , ■Zn-fc+j+2, • ■ • , J ■ 

Then by ([Qe]) . we have 

i^(a(z2, . . . , 2;„)) = g(3<f{z2, • ■ • , 

(^2^2, • ■ • , ^i+l^i+l, ^4+22i+2, . . . , C„_fc+iW„_fc+i, . . . , CnWn) 

(4.35) 

= 5(^2^2, ■ • • , ^n~kZn-k, Cn-k+lWn-k+l , ■ ■ ■ , Cn-k+j + lWn-k+j + 1 , 
Cn~k+j+2Wn-k+j+2, ■ ■ ■ ,C„Zi;„). 

for some g e (22)""^ = (^2, ■ • ■ , ffn)- 
On the other hand, since 

{Cn-k+lWn-k+l, ■ ■ ■ , CnWn) = 

3(c„-fc+lWn-fe+l, . . . , Cn-k+j+lWn-k+j + 1, Cn-k+j+2Wn-k+j+2, ■ ■ ■ , CnWn), 

there is no <? G (52, • ■ ■ ,5™) satisfying (|4.35p . This completes the proof of Lemma. 

□ 



Lemma 4.9. Let M{Ajii) = M{Bi) (j = 1, . . . , A:, (fc + 1)) be n-dimensional 

real Bott manifolds creating from an (n — 1)- dimensional real Bott manifold M{Bi). 
Such real Bott manifolds M{Ajii) corresponding to Bott matrices derived from Ajii 
(j = 1, . . . , /c, (fc + 1)) in ()4.36p are not diffeomorphic to each other. 
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(4.36) 



A 



(l')l 



A 



(2')1 



1 {i}2 {o}3 {i}^ 



{i} 



(rt-fc) 



{0} 



{0} 



(n-fc)+fc 



01 BT 

1 {1}2 {0}3 {1}4 ... {l}{n-k) {l}n-k+l {0} .■■ {0}r 







Bl 



A 



(fe')i - 

1 {1}2 {0}3 {i}4 







{!}„-! {0}, 



Si 



A 



(fe+i)'i - 

1 {1}2 {0}3 {i}4 



{l}n- 



fe+1 



{!}„„! {1}„ 



01 Bl 

where 1 is either Q or 1, 

({i}4,...,{i}„-fc)7^(o,...,o) 

(4.37) I 

(resp.({i}4,...,{i}„-fc) ^ (C^, !,...,!), / = 0, 1, . . . , n - fc - 3) 

/or i3ott matrix Aj'i {j = 1, . . . , k) (resp. Af^i^j^iyi), the Bott matrix Bi is as in 
k > 2, andn-k > 3. {That is, there are k{2"'-''-^ -l) + (2"'~''~^ -{n-k-2)) 
nonequivalent Bott matrices derived from (|4.36p .) 



Proof. For brevity, we ean write Bott matrices (j4.36p in this way 

A,,, = 

1 1 1 ... {l}„-fc ... {l}n-fc+(,-l) {0} ... {0}n 







Bl 



forj = l,...,/c,(fc + l). 

To show that Bott matrices derived from Ajii {j — 1, . . . , /c, (fc + 1)) in (|4.36[) 
are not equivalent to each other, we shall prove the following claims by using the 
argument at the beginning of the proof of Lemma (jjj 



Claim 1. Bott matrices Ay\ (j = l,...,k,{k + 1)) arc not equivalent to each 
other. 

Suppose that is equivalent to Ap'i where 1 < I < p < k + 1 (I ~ I, . . . , k; p — 
2, . . . , A: + 1). By the definition, the a-action and /^-action on T"^^ corresponding 
to Api and Ap^i are as follows 

a{z2, . . . , Zn) = (Z2, ^3, 2:4, ... , Zji-k, Zn-k+1, ■ ■ ■ , Zn-k+l-1, Zn-k+l, ■ ■ ■ , Zn) , 
(4.38) f3{z2, . . . , Zn) = 

^ _ 

(-22: -2^37 -^45 ■ ■ ■ ; ^71 — -^n — A;+li • ■ • i ^7i — k-\-l — lf • ■ ■ i -^n — A;+p— 1; ■^n — fc+pi ■ ■ ■ 7 ■^-n)- 
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Here {zj, zj}) means an a-action on Zj. Similarly for zj. Note that Zj is either 
Zj or Zj depending on whether 1 is or 1 respectively. Then by (|4.26p . we have 

<f{a{z2, . . . , z„)) = 5/3(^(z2, . . . , z„), 

a a 
(^2^2, ^32:3, 4^4, ■ • ■ ,4i-fcS^r^, C„_fc+iwj,_i,+ i, . . . ,CnW'„) 

(4-39) JL ^ 

= g{£2Z2j3Z3j4Z4, ■ ■ - Jn-kZn-k, 

Cn-k+lWn-k+1, ■ ■ ■ , Cn-k+p-lWn-k+p-1, Cn-k+pWn-k+p , ■ ■ ■ , CnU'n), 

for some g e (22)""^ = (32, ■ • ■ , ffn), where 

Obviously, g G {92,93) docs not satisfy (|4.39|) . because it implies that 



{£323 if g = g2 
- (3^3 ifg = <?3 
-£323 if g = 3233- 

Next we consider the following cases for g G (34, . . . , gn)- 

Case 1. Let 3 = 3*3' where 34 e {34, . . . ,3n-fc} = 4, . . .,n~k), g' e (^t+i, . . . ,5„). 

Note that since gt{zt) = —zt, g{zt) = —Zt- Zt ^ Zt (resp. zt = zt = zt) then 
3 = 3*3' does not satisfy (|4.39p . because it implies that itZt = gi^tZt) = —(tZt (resp. 

a P 

£tzt = giitzt) = -ttzt)- If zt = zt = Zt then ttZt = g{£tZt) = -ttZt- This implies 
that tt = ±i. Therefore 

ip{z2, ■ . . ,2:„) = {i2Z2, ■ • ■ Jt-lZt~l, ±izt,£t+lZt+l, ■ ■ ■ ,£n-kZn-k,p\h + DX)), 
(p~^{z2, ...,Zn) = (^2^2, ■ • ■ ,lt-\Zt-\, T^ZtJt+lZt+l, ■ ■ ■ J„-kZ„-k, 

p\-D-^h + D-^X)). 
Now, from (|4?27|) . we consider 

(^32(^^^(2:2, ■ • ■ , Zn) 

= {—Z2, ^3^3, . . . , —Zt, it+iZt+1, . . . , £^_j,z„_fc, 

exj3(47ri6„_fc+i)z„_fc+i, . . . , ea;p(47ri&„)z„) 



32(2:2,^323, ■ • ■ ,-^?_l2t-l, -2t,£^_|_i2t+l, . . .,il_^Zn-k, 

exp{ATT{-i)bn-k+i)zn-k+i, ■ • ■ , ea;p(47r(-i)6„)2„) 

.92/1(22, . . . ,2„) 



where 
(4.41) 



/l(22, . . . ,2„) = (22, £§23, ^424, . . . ,it-lZt-l, -Zt,it+lZt+l, . . . ,€^_j.2„_fc, 

ea;p(47r(-i)6„-fc+i)2„_fc+i, ■ • ■ , exp(47r(-i)&„)2„). 

We shall check that h ^ (53, . . . ,g„} (i.e., 92^ ^ (^2)"^^)- 
Suppose that /i G ((73, ... , (7„). Since 

h{zn-k+i, Zn) = {exp{AiT{-i)bn-k+i)zn-k+i, ■ ■ ■ , ea;p(47r(-i)6„)2„) 
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in (|4.41|) . we may write h = h'^^^^^^h" where h' e (53, • ■ • ,gn-k) and h" e {gn-k+i, 
. . . , g„). Here h'^^^^^^ means a composition of an even number of generators {173, ... , 

9n-k}- 

On the other hand, since h(zt) = —zt in (|4.41[) . we may write h'^^^^^-^ = hgth, 
where h (resp. h) is a composition of an even (resp. odd) number of generators 
{.93, ■ • ■ ,5t-i} (resp. {gt+i, ■ ■ ■,gn-k})- For i = 4, 5, . . . , n - fc - 1, such 
imphes that 

, . , , . jzt+i ifh[^^^^^=hgtg, g & {gt+2,---,gn-k) 

[~zt+i if /i(,„,„) = /i5t5t+i5- 

Hence this contradicts (|4.4ip . Similarly for /i^g^g^j-) — gth (t = 4, 5, . . . , n — fc — 1). 

Now let us consider for t ~ n — k. Since h{zt) = —zt in (|4.4ip . h = hgn-kh" 
where h is a composition of an even number of generators {173, . . . ,gn-k-i}- This 
implies that h{zn~k+i, ■ ■ ■ , Zn) = (±z„_fc+i, . . . , ±z„). This also contradicts (|4.4ip . 
Similarly for h ~ gn-kh" . Thus g2h ^ (Z2)"~^. Hence Case 1 cannot occur. 

Case 2. Let g = g" where g" G {gn-k+ii • ■ • , <7n)- 

If g = g" satisfies (|4.39p . this implies that (24, . . . , 2,1-fe) = (24, . . . , Zn-fe)- Then, 
from Km . 

g"P{z2, . . . ,z„) = 

(Z2, Z3, Z4, . . . , Z„-fe, ±Z„_fc4_i, . . . , ±0„_fe+;_i, . . . , ±Z„_/;_|-p_i, ±Z„_i;_|_p, . . . , iZn). 

Then we obtain that the fixed point set of (a, is 

Fix a = {V, {±l}„_fc+i, . . . , {±l}„_fc+;_i, 2„_fc+/, . . . , z„) 

with 1/ = {(z2, . . . , Zn-k)\a{z2, • ■ • , 2„_fe) = (z2, . . . , z„_fe)} and the fixed point set 
of (g"/3,r"-i) is 

Fixg"P=iW,{*}n-k+i,--- 

with 

ly = {(Z2, ■ • ■ , 2:„-fc)|g"/?(2:2, ■ • ■ , Zn-fe) = Piz2, ■ • ■ , Z«-/c) = (^2, ■ • ■ , Z«-/c)} 

and * G {±1, ±i}. Since (£4, . . . , Zn~k) = (24, ■ • ■ , Zn-k), dimV = diraW . Then by 
we have 

dim{Fix a) = dim{Fix gf3) 
dimV + (fc - / + 1) = dimW^ + (fc - p + 1). 

Hence we get a contradiction. That is, the Case 2 cannot occur. This completes 
the proof of Claim 1. 

Claim 2. Bott matrices derived from each Aj'i {j — 1, . . . ,k) are not equivalent to 
each other, (i.e., there are (2""'^"'^ — 1) nonequivalent Bott matrices derived from 
each Aj'i {j = 1, . . . ,fc)). 

Associated with the entries ({i}4, . . . , {i},i_fe) of each Ajii, there are 2^""*^^'^^ — 1 
different actions {Z2, M{Bi))j, . (Note that ({i}4, ...,{i}„_fe)^ (0,...,0).) 
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We prove that every two different actions (Z2, A/(-Bi))j' derived from Aj/i (de- 
noted by (a, M{Bi))ji^ and (/?, M{Bi))j'^ respectively), the corresponding Bott ma- 
trices (denoted by Ajr^i and respectively) are not equivalent. 

a 

Since the a-action and /3-action are different, we may assume that Zi = z^, 

P 

Zi ~ Zi, for some i G {4, . . . , n — fc}. Then 
(4.42) 

a{z2, ...,Zn) = 

a a Oi ^.^-^-^ 

(-2^2 1 -^3 ; ■^4; ■ ■ ■ J ^i—lj ^i^ : ■ ■ ■ ; ^n—k^ ^n — k-\-l •> • • • i ^n — k'\'j—l ? ^n — k'\-j i • • • i ^n)i 

P{Z2, ...,Zn) = 

H JL _ JL_ JL^ 

{z2 , Z^ , Z4, . . . , Zi—i , Zi , Zi^i , . . . , Zji — f^, Zyj — /c-f 1 , . . . , -2^n — fc+j — 1 5 ^n — fc+j ; ■ ■ ■ ; ^n) ; 

for i = 4, . . . , n — fc, j = 1, . . . , fc. 
As before, if Aji^i and ^j^^i are equivalent, we have 

(f{a{z2, . . . , Zn)) = g(3'fi{z2, . . . , Zn), 

a a a a 

{^2Z2, £3^3, hz4:, • ■ • , , ^i-l^ilTi, ^iZi, £i+iZ^i, . . . , £„_fcZ„_fc, C„_fc+iW^_j.^;^, 

(4.43) ■•■>c„w^) 

/3 /3 /3 P 



(4.45) = 5(^,z,) 



Cn-k+lWn-k+l, ■ ■ ■ , Cn-k+j-lWn-k+j~l,Cn-k+jWn-k+j, ■ ■ ■ ,C„U'„), 

for some g E (^2)"^"^ = ((72, ■ • ■ , 5n), where 

(4.44) (W^i_fc+i, . . . ,0 =p((-a:„-fc+l, . . . , -Xn~k+j-l, Xn-k+j , ■ ■ .,Xn)*D). 

Obviously, g £ (52, ffs) does not satisfy (|4.43p because of (|4.40p . If g G {gi, . . . ,gn) 
then the equation (|4.43p is also not satisfied, because it implies that 

-iiZ, if g = g,g' where g' = (5^+1, . . . , g„) 
JiZi \i g ^ g' . 

Because of (|4.40p and (|4.45p . if i = 4 then there is no 5 £ (Z2)"~^ satisfying (|4.43p . 

a /3 

Now let us consider for i G {5, . . . , ?7 — fc}. Since Zi = z; and Zi = Zi, for 
some i G {5, . . . , 7i - fc}, we may write g = gtg^'''"''"^ g with gt G {34, ■ • ■ ,5i-i} 
(t = 4, . . . ,i - 1), 5 G (gt+i, . . . 5 e {gi+i, ■■■,gn) (if < = i - 1 then .g = gtg). 

Here ^(<^"<^") rncans a composition of an even number of generators of g. 

a f} a f} 

Note that since gt{zt) = —zt, g{zt) = —Zt- li zt ^ zt (resp. zt = zt = zt) then 
g = gtg^'^^^'^^ g does not satisfy (|4.43l) . because it implies that ifZt = g{£tZt) = —£tZt 

a 0^ 

(resp. £tzt = g{itzt) = -£tzt)- If zt = zt = zt then £tzt = g{itzt) = -£tzt- This 
implies that it = ±i. Therefore 

(p{z2, . . . , 2„) = (4^2, ■ • . ,£t_lZt_l, ±iZt,4+lZt+l, . . . ,C_feZ„_fc,p*(b -I- DX)). 

Similar to the proof of Claim 1, one can check that (pg2<f>~^{z2, ■ ■ ■ , Zn) ^ (^2)""^. 
Hence we have a contradiction. That is, there is no g G (Z2)"~^ satisfying (|4.43p . 
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Since all combinations of ({i}4, • ■ • , with ({i}4, • ■ • , {l}n-k) ^ (0, . . . , 

0) are different for each Aj'i, there are (2"^'"'^'^ — 1) nonequivalent Bott matrices 
derived from each Ajii (j ~ I, . . . ,k). 

Claim 3. Bott matrices derived from Ai^i^^iyi arc not equivalent to each other, 
(i.e., there are 2""'^"'^ — (n — fc — 2) nonequivalent Bott matrices derived from 
A{k+iyi)- 

Since there are 2"^'''^'^ — {n — fc — 2) different combination of ({1}4, • . • , {l}„_fc) 
with 

I 

({i}4,...,{i}„-fe) ^ 

(that is, there arc 2""'^"'^ — (n — fc — 2) different actions (Z2, M(i?i))(j.^_iy ), by using 
argument in the proof of Claim 2 above, there are 2"~*''~^ — (n — fc — 2) nonequivalent 
Bott matrices derived from A(^f^^iyi. 

According to Claim 1, 2, 3, we obtain that there are fc(2""''"3 - 1) + (2""'''"3 _ 
(ri — fc — 2)) nonequivalent Bott matrices derived from (j4.36p . □ 

Remark 4.10. Consider Bott matrices An (i = 1, . . . , n — 2) in (|4.22p and Aj/i 
(j = l,...,fc,fc + l) in gSSJ. 

(i) Associated with the entries ({1}4, . . . , {l}„_fc) in Aj'i [j = l,...,fc), ij 
({i}4, . . . , {i}„-fc) = (0, ... ,0) then Avi = An and Afi ^ A(ri-j)i U = 
2, . . . , fc) by the equivariant diffeomorphism 

($,(^): (Z2,M(Bi)V -> (Z2,M(Bi))„_, 

defined by 

r 1 V 

[Z2, . . . , Zn — k 1 Zn^k+1 ; ■ ■ ■ i ^n — — 1) i ^n — fc+j i ■ ■ ■ ; ^nj ' ^ 

[1Z2 , . . . , Zji — ]^ , Z^^—j^j^j , . . . , Zrfi , Zy^—}^j^ \ , . . . , ] . 

(ii) Associated with the entries ({1}4, • . • , {l}n-fc) in A(j,+x)'i7 */ 

I 

({i}4, . . . , {i}„-fc) = 1, . . . , 1) (Z = 0, 1, . . . , n-fc-3), t/ie« A^^+iyi 

~ ^(;+2)i (Z = 0, 1, . . . , n — fc — 3) &?/ the equivariant diffeomorphism 

($,</,): (Z2,M(Si))(fe+i), ^ (Z2,iV/(Bi))(,+2) 

defined by 

(p{[z2, ■ ■ ■ ,Zn]) = [iz2, • ■ - ^Zn]. 

Lemma 4.11. Each Bott matrix in (|4.22p is not equivalent to each Bott matrix 
derived from (|4.36p . 

Proof. Using the argument at the beginning of the proof of Lemma (j4.8p we shall 
prove the following Claims. 

Claim i). An (/ = 1, . . . , ?i — fc — 1) is not equivalent to Aiii. 
For this, we prove the following cases. 

Case 1. All is not equivalent to Ayi- 

By the definition, the actions (Z2, Af (i3i))i and (Z2, A/(i3i))i' are 
(4.46) a[z2, . . . , z„] = [z2, 23, • ■ • , 
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and 

(4.47) /3[Z2, . . . ,2;„] = [Z2, ^3, -24, ■ • ■ , ^n-fe, ^n-fe+l , ■ • ■ , ^n] 

respectively. If An is equivalent to Ayi, by (|4.26p . there is 5 G (^2)"^^ such that 

(p{a{z2,...,Zn)) =gP(p{z2,...,Zn), 

(4.48) (^2^2,^32:3, ■ . ■ ,in-kZn-k,Cn-k+lWn-k+l, ■ ■ ■ , CnWn) 



= .9(^2:2,^323,4^4, ■ . ■ , £n-kZn-k, Cn-k+lWn-k+1, ■ ■ ■ ,C„tX;„). 

As before, g £ (92,93) does not satisfy (|4.48p because of (|4.40p . Since 

(Cn-k+lWn-k+l, ■ ■ ■ ,C„W„) = .g(c„_fc+i , . . . ,C„W„), 

5 is a composition of an even number of generators {174, . . . , gn-k} and g G (gn-k+i, 
. . . , gn) does not satisfy (|4.48p . Then we can take g = gtg' with t = 4, . . . ,n — k — 1 
and g' G (gt+i, . . ■ , gn-k)- This implies that 



-£tzt if itzt = itzt 
^-(.tzt if ifZt = itzt- 

Therefore there is no g G (^2)"^^ = (32, ■ . ■ ,5n} satisfying (|4.48p . 



Case 2. Aji (j = 2, . . . , n — fc — 1) is not equivalent to Ayi- 

By the definition, the actions (Z2, Af (_Bi))j and {Z2, M{Bi))i> are 

a[z2, . . . , 2;„] = [Z2, 23, . . . , Zj + i, Zj+2, ■ . ■ , 2„] 
(4.49) = [325^ + 1(22, Z3, . ■ . , 2j+2, . ■ . , Zn)] 

= [—22, 23, ... , Zj, — Zj + i, 2j+2, . . . , 2„] 

and as in (|4.47p respectively. If Aji is equivalent to Ayi, there is g G (Z2)"~^ such 
that 

(^(a(z2, . . . , Zn)) = gP'f{z2, . . . , Zn), 

(-£222,^23, ■ . . ,^jZj, -ij + lZj+i,£j+2Zj+2, ■ ■ ■ ,£n-kZn-k,Cn~k+lWn-k+l, 
. . . , CnWn ) 



= 5(422,423,424, . . . , £n-kZn-k, Cn-k+lWn-k+1, ■ ■ ■ ,C„W„). 

Similar to the argument of the proof of Case 1 above, g G {g2, ■ ■ ■ , gj) (j = 
2, . . . , n — fc — 1) docs not satisfy (j4.50p . Since 

(4.51) {Cn-k+lWn~k+l, . . . , CnWn) = g{c Wn) 

in ()4.50p . g G (gn-k+i, ■ ■ ■ ,gn) does not satisfy (|4.50p . Because of 

g{£j+iZj+i) ifj = 2 

^5(4+i^j+i) if j = 3, . . . , n - fc - 1 

and (j4.5ip . then g is a composition of an even number of generators {gj+i, ■ ■ ■ , 
gn-k} which can be written by g = 9j+ig with j = 2, . . . , n — fc — 2, g G {gj+2, 
. . . , gn-k)- However this implies that 

£tzt = g{ttzt) = -ttzt 

for some t {j + 2<t<n — k). For j^n — k~l,g = gn-k docs not satisfy (|4.50p . 
because by assumption (|4.37p . (24, . . . , z„) ^ (2:4, . . . , Zn) in (j4.47p . Hence there is 



(-ij+iZj+i) - 
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no g e (Z2)" ^ = (32, • ■ • ,5n) satisfying ()4.50|) . This completes the proof of Claim 
i)- 

Claim ii). An (/ = 1, . . . , n — — 1) is not equivalent to Aj/i (j = 2, . . . , k). 
For this, we prove the following cases. 

Case 1. All is not equivalent to Ajii [j ~ 2, . . . , k). 

By the definition, the actions (Z2, M(i?i))i and (Z2, A/(i3i))j' are as in (|4.46p and 

(4.52) f3[z2, . . . , Zn] = [Z2, Z3, Z4, . . . , Zn-k: Zn-k+1, ■ ■ ■ , Zn-k+j, ■ ■ ■ , Zn] 

respectively. If An is equivalent to Ajii, there is g G (Z2)"^^ such that 
(4.53) 

<f{a(z2, Zn)) = gf3'f{z2, Zn), 

lW„_fc+l, ■ • ■ ,c„w„) 
= g{(-2Z2,(-3Z^,liZi, . . . , £n-kZn~k, Cn-fc+1 W„-fc+l , . . . , C„_fc+j_i W„_fc+j_i , 
Cn — fc+j^n— /c+j 1 ■ ■ ■ 7 CnWn) • 

Since 

(c,i-fc+iw„_fc+i, . . . , c„u;„) = 
(4.54) 

5lC„-A;+lWn-fc+l, • • • , C-n-k+j-lWn-k+j-l , Cn^k+jWn-k+j , ■ ■ ■ ,CnWn), 

it is clear that there is no g G (Z2)"^^ = (52, • ■ • , <?n} satisfying (|4.53p . 

Case 2. An (i = 2, . . . , ?i — fc — 1) is not equivalent to Aj'i (j = 2, . . . , k). 

By the definition, the actions {1^2, M{Bi))i and (7,2, M{Bi))ji are as in (j4.49p and 

(j4.52p respectively. If An is equivalent to Aj/i then there is g G (^2)"^"'^ such that 

(4.55) 

<^(a(z2, • ■ • , Zn)) = gf3(p{z2, Zn), 

(—£2^2, -^323, ■ • ■ , -^i^i, —£i+iZi+i,£i+2Zi+2, ■ ■ ■ , in-kZn-k, Cn Wri-fc+1 , ■ • ■ , 
CnWn) 

= g{.£2Z2,(-^Zz,tAZA, ■ ■ ■ ,£n-kZn-k, Cn-k+lWn-k+l , ■ ■ ■ , Cn-k+j-lWn-k+j-l, 
^n—k+j^n~k+j , ■ • ■ , ^n^n)- 

Because of (|4.54p . there is no g G (Z2)"^^ = (.927 • ■ • 7 ffn) satisfying (|4.55p . This 
completes the proof of Claim ii) . 

Claim iii). An {I = 1, . . . ,n — k — 1) is not equivalent to A(^k+i)'i- 
For this, we prove the following cases. 

Case 1. All is not equivalent to ^(fc+i)'i- 

By the definition, the actions {Z2, M{Bi))i and (Z2, A'/(i3i))(fc+i)' are as in (|4.46|) 
and 

(4.56) 0[Z2, ... 7 Zn] = [Z2, Z^, £4, . . . , Zn-k, Zn-k+1, ■ ■ ■ , Zn] 
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respectively. If An is equivalent to A^^i^^iyi then there is g £ (Z2)" ^ such that 

(^(a(z2, . • . , Zn)) = gPf>{z2, Zn), 
(4.57) (^2 22,^3^3, ■ • ■ An-kZn-k,Cn-k+lWn-k+l, ■ ■ ■ , C„W„) 



= 5(^22:2,^323,4^4, ■ • ■ , £n-kZn-k, C„^k+lWn-k+l, ■ ■ ■ ,C„Wn)- 

As before, g £ (32,33) does not satisfy ()4.57|) because of ()4.40|) . Since 



{Cn-k+lWn-k+l, ■ ■ -.CnWn) = g(c„_fc+i W„_fc+i , . . . ,C„W„), 

5 is a composition of an odd number of generators {(74, . . . , gn-k} and g G {gn-k+i, 
. . . ,gn) does not satisfy (j4.57[) . Then we can take g = gtg' , with t = 4,...,n — fc — 1 
and g' G (st+i, ■ . ■ , g-n-k)- This implies that 



£tzt = g{ttzt) = 



-ItZt if ^tZt = (-tZt 
'itZt if £tZt = ItZt- 



For t = n ~ k, it is clear that g = gn-k does not also satisfy (|4.57p . Hence there is 
no 5 G (Z2)"-i = (52, ■ • ■ ,5«) satisfying g371). 

Case £ v4ji (j = 2, . . . , rt — fc — 2) is not equivalent to 

By the definition, the actions {Z2, M{Bi))j and (Z2, A/(i3i))(fc^_iy are as in (|4.49p 
and (|4.56[) respectively. If Aji is equivalent to Ai^i^^iyi then there is g G (Z2)"^^ 
such that 
(4.58) 

(^(q;(z2, • ■ • , Zn)) = gl3(p{z2, . . . , Zn), 

{ — (■2Z2A3Z3,, ■ • ■ , ^j"2j, — 4 + + 4+22j+2, • ■ • , 

c„w„) 



= 3(422,423,424, ■ • ■ ,4-fc2„-fe, Cn-k+lWn-k+1, • ■ • , C„«7„). 

Note that by assumption (see (|4.37p ). 

^ ^ (23, 24, . ■ . , 2j+2, ■ . ■ , Zn-k) ^ (23, 24, ... , Zj + i,Zj+2, ■■ Zn-k), 

(4.59) - N 

(Z4, . . . , Z„_fc ) ^ (Z4, . . . , 0„_fc ) 

in (|436l) for j 2, . . . , n - fc - 2. 

Similar to the argument of the proof of Case 1 above, g G {g2, ■ ■ ■ , gj) (j = 
2, . . . , n — fc — 1) docs not satisfy (|4.58|) . Since 

(4.60) {cn-k+iWn~k+i, • ■ • , c„w„) = g{c Wn) 
in (|4.58p . g G (gn-k+i, ■ ■ ■ ,gn) docs not satisfy (|4.58p . Because of 

j{^j+iZj+i) if j = 3, . . . ,71 - fc - 2 

and (j^eO]) . then 3 is a composition of an odd number of generators {gj+i, ■ ■ ■ , 3n-fe} 
which can be written as 3 = gj+i9 [j = 2, . . . , n — fc — 2), 3 G (.9j+2, • ■ • , g-a-k)- 
However this implies that 

42* = 3(42*) = -42* 

for some t {j + 2 < t < n — k). Hence such 3 does not satisfy (|4.58p . In particular, 
3 = 3j+i (j = 2, . . . , n — A: — 1) does not also satisfy (|4.58p because of (|4.59p . Thus 



(-4+iZj+i) = 
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there is no g e (Z2)" ^ = (.92, ■ • ■ , 5ri) satisfying ()4.58p . 

Case 3. ^(„_fc-i)i is not equivalent to A(^k+i)'i- 

By the definition, the actions (Z2, M(i?i))(„_j,_i) and (Z2, are 

a[z2,. ■ ■ , Z„] = [Z2,Z3, . . . , Zn-k, Zn-k+1, ■ ■ ■ , Z„] 

(4.61) = [52(^2, ^3, • ■ • , Zn-k, Zn-k+1, Zn)] 

= [—Z2, Z3, . . . , Zn-k, Zn-k+1, ■ ■ ■ , Zn)] 

and as in (|4.56p respectively. If A(^n-k-i)i is equivalent to A(^k+i)'i then there is 
9 e (^2)""^ such that 

'f{a(z2, Zn)) = gf3(p(z2, Zn), 

(4.62) (-^2^2,^323, • ■ ■,in-kZn-k,Cn-k+lWn-k+l,- ■ ■ , CnWn) 

= g{£2Z2,(3Z3,£4Z4, . . . ,£n-kZn-k, Cn-k+lWn-k+1 , ■ ■ ■ , C„W,i)- 

Note that by assumption (|4.37p . (24, . . . , Zn-k) 7^ (-24, • ■ • , Zn-k) in (|4.56p . Therefore 
g e {gn-k+1, ■■■,gn) does not satisfy (|4.62p . 
Since 

{Cn-k+lWn-k+l, ■ ■ ■ , CnWn) = g{Cn-k+lWn-k+l, ■ ■ ■ , C„W„), 

5 is a composition of an even number of generators {54, . . . ,gn-k}- Similar to the 
argument in Case 1 (Claim i)), such g does not satisfy (|4.62p . Thus there is no 
g £ (^2)""^ = {g2, ■ ■ ■ , gn) satisfying (|4.62p . This completes the proof of Claim iii). 

Claim iv). An {I = n — k, . . . ,n — 2) is not equivalent to Ajii {j = 1, . . . , k, k + 1). 
For this, we prove the following cases. 

Case 1. All {I ^ n — k, . . . ,n — 2) is not equivalent to Ai'i. 

By the definition, the actions {1^2, M{Bi))i and (Z2, Af (i?i))i' are 

a[z2, ■ ■ ■ , Zn] ~ [Z2, 23, 24, ... , Zn-k, Zn-k+1, ■ ■ ■ , Zl+l, Z2+I, ■ ■ ■ , Zn] 

(4.63) = [92(^2, ^3, Z4,.-., Zn-k, Zn-k+1, Zi+i,Z2+l, Zn)] 
~ [ — Z2, ^3j Z4, . . . , Zn-k, Zn-k+1, ■ ■ ■ , Zl+l, Z2+I, ■ ■ ■ , Zn] 

and as in (|4.47p respectively. If An is equivalent to Ayi, there is 5 G (^2)"^^ such 
that 

'fi(a{z2, Zn)) = gP^{z2, Zn), 

(4.64) (-^2 ^2, ^3^3i ^4^4j • ■ • , £n-kZn-k, Cn-k+lVn-k+l, ■ ■ ■ , y'n) 

= g{£2Z2,£^Z3,£4Z4, . . . , £n-kZn-k, Cn-k+lWn-k+1, ■ ■ • ,C„W„) 

where 

iVn-k+l, ■■■,y'n)^ p{{Xn-k+l, Xl+l, -X2+I, ~Xn) *£>)• 

Note that by assumption (|4.37|) . 

(24, • ■ ■,Zn-k) [Zi, ■ ■ ■,Zn-k) 

in (|4.47p . Therefore g G {gn-k+i, ■ ■ ■ , gn) does not occur. As before g £ (32,53) 
does not also satisfy (|4.64|1 . 
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Now we consider g G (34, . . . , <?«). We may write g = gtg' g" with t = 4, . . . , n — 
k - 1, g' G (.gt+i, . . ■,gn-k), g" e (Sn-fc+i, ■ • ■ ,5") (if t = n - A; then g = gn-kg")- 
This imphcs that 



-ItZt if ^t2t = itzt 
-itzt if ^t^t = itzt- 



Therefore there is no g G (Z2)" ^ = (.92, ■ • ■ , Sn) satisfying (|4.64p . 

Case 2. An {I = n — k, . . . , n — 2) is not equivalent to Aj/i (j = 2, . . . , k). 

By the definition, the actions {Z2, M{Bi))i and {Z2, M{Bi))ji are as in (|4.63p and 

(j4.52p respectively. If An is equivalent to Aj'i then there is g G (^2)"^^ such that 

(4.65) 

(f{a{z2, z„)) = gP(p{z2, Zn), 
(-€2^2, £32:3, £42:4, ■ • ■ , 



= 9(hZ2, ^3^3^ IaZa, ■ ■ ■ , ^n-kZn-k, Cn-A:+1 ^n-A;+l , • ■ • , <^n-/c+j-l W;n-/c+j-l , 

Note that 

(£4, • ■ • , Z„-k) ^ (24, • ■ • , Zn-k) 

in ()4.52|) . Similar to the previous argument, there is no 5 G (Z2)"^^ = (52, . ■ . ,5n} 
satisfying (|4.65p . 

Case 3. An (l ^ n ~ k, . . . ,n — 2) is not equivalent to A(^i^^iyi. 
By the definition, the actions {1^2, M{Bi))i and (Z2, M(i3i))(fc^iy are as in (j4.63[) 
and ()4.56p respectively. If An is equivalent to A(^k+i)'i then there is g G (Z2)"~^ 
such that 

(p{a{z2, . . . , Z„)) = gPip{z2, . . ■ , 2;r,), 
(4.66) (-^2^2, -^323, 424, . . . ,en-kZn-k,Cn-k+iy'n^k+l^ ■ ' ■ ' C„J/^) 



Wn)- 



Note that by assumption 

(24, . . . , z„_fc) ^ (z4, . . . , 2;„_fc) 

in (j4.56p . Similar to the argument in Case 1 (Claim iv)) above, there is no g G 
(Z2)"^^ = {g2, ■ ■ ■ , gn) satisfying (|4.66p . This completes the proof of Claim iv). □ 

Theorem 4.12. Let M{A) ~ y.z2^'J^{B) he an n- dimensional real Bott manifold. 
Suppose that B is either one of the list in (j4.67p . Then M{B) are diffeomorphic 
each other and the number of diffeomorphism classes of such real Bott manifolds 
M{A) above is {k + 1)2'^-^-^ (fc > 2, n - fc > 3). 
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(4.67) 



/111 
1 1 



1 \ 



1 

1 1 ... 1 

Ik 



/II 
1 1 



,B2 = 



\ 

1 



1 1 ... 1 

4 



/II 

1 1 



Bn-k-l 







V 



/II 

1 1 



Bn^l 



\ 





1 



\ 




/ 1 



1 
1 



\ 




-fc+(n-fc-4) 



1 

1 1 



V 



Proof. Note that each Bj is of size n — 1 and M{Bj) — Xz^ M{Bj) for some 
(n — 2)-dimcnsional real Bott manifold M{Bj). M{Bj^i) is difFeomorphic to M{Bj) 
{j ~ 2, 3, . . . , n — fc — 1 ) by the equivariant diffeomorphism ip: (Z2, Af(i?'_i)) — > 



{Z2, M{B',)) which is defined by (^([22, 



1]) = [Z2, ■ ■ -.izj 



M{Ba) 



is diffeomorphic to M{Bh) {a ~ n — k + {n — k — 3) — {j — 1); b = n — k + {n — 
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— 3) — (j — 2); j ~ n — fc — 1, 71 — fc — 2, . . . , 4, 3 ) by the equivariant difFeo- 
morphism ip : [1,2, M[B'^)) — > {Z2,M{B'^)) which is defined by (p{[z2, ■ ■ ■ , Zn-i]) = 
[z2,...,i2;j_i,...,z„_i]. 

By the hypothesis, there are 2"~-^ possible Z2-actions on each M{Bj), j ~ 
1, . . . , 2(n — fc) — 4. We shall prove that among 2""^ x (2(n — /c) — 4) real Bott man- 
ifolds created from M{Bj) (j = 1, . . . , 2{n - fc) - 4), there are only (fc + 1)2"^''+^ 
diffeomorphism classes. 

First of all we show that there are (fc + i)2"^'"'+'^ diffeomorphism classes of real 
Bott manifolds M{Aii) created from M{Bi) by Z2-actions. 

If a Bott matrix A' created from Bi is different from the Bott matrices in (|4.22[) 
and (|4.36|) . it is easy to check that the corresponding {Z2, M{Bi)) is equivariantly 
diffeomorphic to one of the actions (Z2, M{Bi)) corresponding to the Bott matrices 
in ()4.22|) or (|4.36|) by the ad hoc argument. (Compare Section [2] for the argument 
to find an equivariant diffeomorphism.) Once there exists such an equivariant 
diffeomorphism, A' is equivalent to one of A^i's (i = 1, . . . , n — 2) in (|4.22[) or Aj/i's 
(j = 1, . . . , A:, (fc + 1)) in ((436)) by Theorem [L4l Then, because of Lemma [48l [491 
[inland RemarkSnni there are {n-2) + (2"-k-3 _ + 2"-''-3 - (n - fc - 2) = 
{k + 1)2"~'''+'^ distinct diffeomorphism classes of AI{Aii) {i ~ 1, . . . ,2"~^) created 
from M{Bi). 

Next, we show that M (A,j) (i = 1, . . . , 2"^^) created from M {Bj) {j = 2,...,n- 
fc + (n — fc — 4)) is diffeomorphic to one of the real Bott manifolds corresponding 
to Bott matrices in (j4?22l) or ([436]) . 

For brevity we can consider 



(4.68) Ai 



ei 



1 {i}4,„ 



Bi 



{£ = 1, . . . ,n — 2,1' , . . . ,k' , {k + 1)') representing each Aj>i {j — 1, . . . , fc, (fc + 1)) 
in (|4.36|) . and each An {i = I, ... ,n - 2) in (|4.22|) . where An {i = 2,. . . ,n - 
2) is equivalent to (|4.68p by the equivariant diffeomorphism ip: {Z2, M{Bi)) 
(Z2, M{Bi)) which is defined by (p{[z2, ■ .. , z„]) = [122, ■ ■■ ,Zn]- Note that {i};,^) 
means 1(g {0, 1}) in the l-th spot where the corresponding Bott matrix is created 
from Bj. 

Now we define an equivariant diffeomorphism (p: (Z2,A/(i?i)) (Z2, M{B2)) 
by (p{[z2, Zn]) = [z2, i^3, za,..., Zn], then (|4.68p is equivalent to 



(4.69) A 



n 



1 {1}4,.> {1} 



B2 



Next wc define an equivariant diffeomorphism Lp: (Z2, Af(B2)) (Z2, M{B3)) by 
ip{[z2, . . . , Zn]) = [z2, Z3,iz4, Z5, . . . , Zn] SO that Bott matrix (|4.69p is equivalent to 



Aa = 



1 {i}4,3) {iW) 
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In general, let us consider 
(4.70) 

/ 1 I 1 {i}4„_„ .. 



V 



1 1 
1 



1 1 



92 
93 

9j~i 

9] 
9j+i 

9n-k 



J 



(j = 2, . . . , 71 — fc — 1). Defining an cquivariant diffcomorphism Lp: (Z2, 

(Z2, M {Bj)) by tp{[z2, ■■■,Zn]) = [z2, . . . , Zj,izj+i, Zj+2, ■ ■ ■ , Zn], wc obtain that 

(|4.70p is equivalent to 



/ 1 



1 {1}4„ 



1 1 
1 



iii. 



{!}»(,) \ .91 



1 1 ... 

1 1 
1 1 



1 1 



V 

Therefore the previous Bott matrix is equivalent to 
(4.71) 



A, 



[n-k-l) 



1 1 {i}4,„_,_ 



IT 



Ik 



Bn-k-l 



92 
93 

9j-i 

9] 
9j+i 

9n-k 



Next, (|4.7ip is equivalent to the following one by the equi variant diffeomorphism 
(p: (Z2,M(S„_fe_i)) (Z2,M(B„_fc)) defined by (y9([z2,-.-,2:„]) = [z2, ■ ■ ■ , Zn-k-2, 



A 



i{n-k) 



1 {i}4,„ 



5, 



n—k 



42 



A. NAZRA 



In general, let us consider the following Bott matrix 
(4.72) 

Ala = 

/ 1 I 1 {1}4,.) 



V 



1 1 
1 



... 

1 
1 

1 1 
1 



9i 

92 
93 

9j^i 

9j 
9j+i 

gn-k-l 
gn-k 



I 



where a = n — fc + (n — fc — 3) — — 1) (j = n — fc — 1, n — fc — 2, . . . , 4, 3). Defining 
an equivariant diffcomorphism ip: (Z2, M{Ba)) — > (Z2, M(Bi,)) by f{[z2, • ■ • , z„]) = 
[z2, • ■ • , Zj-i, izj, Zj+i, . . . , z„], we obtain that (|4.72p is equivalent to 



A 



lb 



( 1 



v 



I {!}. 



I I 
I I 



I 1 
I 1 



91 
92 
93 

93-2 

93-1 
93 

9n-k-l 
9n-k 



I 



where 6 = n — fc + (n — fc — 3) — — 2). Therefore the previous Bott matrix is 
equivalent to 



A, 



1 1 {i}4,,, 







{l}n-fc(,) {l}»-fc+l(. 



2(n-fc)-4 



where c = n — A;+(n — A: — 3) — 1. 
Finally each Bott matrix 



1 1 {1}- 



{i} 



"(j) 
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for J = 2, . . . , 2{n — fc) — 4 is equivalent to one of Bott matrices in ()4.22p or ()4.36|) 
by the equivariant diffeomorphism ip{[z2, ■ . ■ , Zn]) = [iz2, 2:3, . . . , This completes 
the proof of the theorem. □ 

Acknowledgment. I would like to thank Professor Mikiya Masuda for his useful 
suggestions. 
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